Traveling waves for nonlinear Schrodinger equations with 
nonzero conditions at infinity 



Mihai MARI§ 

"d^": 

O , Universite de Franche-Comte 

^ [ Departement de Mathematiques UMR 6623 

}_i I 16, Route de Gray 

^ ■ 25030 Besangon, France 

^ . e-mail: mihai.maris@univ-fcomte.fr 

(N : 

p ^ , Dedicated to Jean- Claude Saut, 

I who gave me water to cross the desert. 

' Abstract 

^ I For a large class of nonlinear Schrodinger equations with nonzero conditions at infinity 

G ■ and for any speed c less than the sound velocity, we prove the existence of finite energy 

I traveling waves moving with speed c in any space dimension A'^ > 3. Our results are valid 

T— I ■ as well for the Gross-Pitaevskii equation and for NLS with cubic-quintic nonlinearity. 

^ ! AMS subject classifications. 35Q51, 35Q55, 35Q40, 35J20, 35J15, 35B65, 37K40. 

vn : 

2 ■ 1 Introduction 

■ 

■ We consider the nonlinear Schrodinger equation 

ON ! 

95' (1.1) z^ + A$ + F(|$|2)$ = inR^, 

^ . where ^ : R — > C satisfies the "boundary condition" \^\ — > tq as |x| — > oo, tq > and 

^ i F is a real- valued function on R+ satisfying F{rQ) = 0. 

■ ■ ■ ' Equations of the form (jl.ip . with the considered non-zero conditions at infinity, arise in a 

large variety of physical problems such as superconductivity, superfluidity in Helium II, phase 
transitions and Bose-Einstein condensate (0, [3], [1], [H], [20], [22], [23], [M], [25]). In non- 
linear optics, they appear in the context of dark solitons ([27], [28]). Two important particular 
cases of (1.1) have been extensively studied both by physicists and by mathematicians: the 
Gross-Pitaevskii equation (where F{s) = 1 — s) and the so-called "cubic-quintic" Schrodinger 
equation (where F{s) = — oi -|- a^s — ass^, ai, as, as are positive and F has two positive 
roots). 

The boundary condition \^\ — > tq > at infinity makes the structure of solutions of 
(11. ip much more complicated than in the usual case of zero boundary conditions (when the 
associated dynamics is essentially governed by dispersion and scattering). 

Using the Madelung transformation ^(x,t) = ^/ p{x, i)e*^*-^'*-* (which is well-defined when- 
ever $ 7^ 0), equation (jl.ip is equivalent to a system of Euler's equations for a compressible 
inviscid fluid of density p and velocity 2V6. In this context it has been shown that, if F is 
near Tq and F'{rQ) < 0, the sound velocity at infinity associated to (jl.ip is Vg = vq-^J —2F' {r^) 
(see the introduction of [33]). 
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Equation (jl.ip is Hamiltonian: denoting V{s) = J F{t) dr, it is easy to see that, at least 
formally, the "energy" 

(1.2) E{^)= [ |V$p(ix+ /" V{\^\'^)dx 

is a conserved quantity. 

In a series of papers (see, e.g., [2], [3], [20], [21], [25]), particular attention has been paid to 
a special class of solutions of (jl.ip . namely the traveling waves. These are solutions of the form 
^>(x, t) = ^l){x — cty), where y G S^~^ is the direction of propagation and c G R* is the speed of 
the traveling wave. We say that ^/^ has finite energy if G L^(R^) and y(lV'P) G -L^(R'^)). 
These solutions are supposed to play an important role in the dynamics of In view of 

formal computations and numerical experiments, a list of conjectures, often referred to as the 
Roberts programme, has been formulated about the existence, the stability and the qualitative 
properties of traveling waves. The first of these conjectures asserts that finite energy traveling 
waves of speed c exist if and only if |c| < Vs- 

Let V be a finite energy traveling-wave of (jl.ip moving with speed c. Without loss of 
generality we may assume that 2/ = (1, 0, . . . , 0). If iV > 3, it follows that ip - Zq £ L"^* (K^) 
for some constant zq G C, where 2* = (see, e.g., Lemma 7 and Remark 4.2 pp. 774-775 
in [IT]). Since |V'| — > r^ as |x| — > oo, necessarily |zo| = '''o- If <^ is a solution of (jl.ip and 
a G R, then e*"$ is also a solution; hence we may assume that zq = ro, thus ip — rQ^ L^*(R^). 
Denoting u = rQ — tp, we see that u satisfies the equation 

(1.3) ic-^ - Au + F(\ro-uf)(ro-u) =0 in R^. 

OXi 

It is obvious that a function u satisfies (jl.Sp for some velocity c if and only if u{—xi,x') satisfies 
(jl.3p with c replaced by — c. Hence it suffices to consider the case c > 0. This assumption will 
be made throughout the paper. 

In space dimension = 1, in many interesting applications equation (jl.3p can be integrated 
explicitly and one obtains traveling waves for all subsonic speeds. The nonexistence of such 
solutions for supersonic speeds has also been proved under general conditions (cf. Theorem 
5.1, p. 1099 in [33J). 

Despite of many attempts, a rigorous proof of the existence of traveling waves in higher 
dimensions has been a long lasting problem. In the particular case of the Gross-Pitaevskii 
(GP) equation, this problem was considered in a series of papers. In space dimension N = 2, 
the existence of traveling waves has been proved in [7] for all speeds in some interval (0,e), 
where £ is small. In space dimension > 3, the existence has been proved in [6] for a sequence 
of speeds c„ — > by using constrained minimization; a similar result has been established in 
|llj for all sufficiently small speeds by using a mountain-pass argument. In a recent paper [5|, 
the existence of traveling waves for (GP) has been proved in space dimension N = 2 and = 3 
for any speed in a set A G {0,Vs)- li N = 2, A contains points arbitrarily close to and to Vg 
(although it is not clear that A = (0, Vg)), while in dimension = 3 we have A C (0, vq), where 
vq < Vg and 0, vq are limit points of A. The traveling waves are obtained in [5] by minimizing 
the energy at fixed momentum (see the next section for the definition of the momentum) and 
the propagation speed is the Lagrange multiplier associated to minimizers. In the case of 
cubic-quintic type nonlinearities, it has been proved in [31] that traveling waves exist for any 
sufficiently small speed if A^ > 4. To our knowledge, even for specific nonlinearities there are 
no existence results in the literature that cover the whole range {0,Vs) of possible speeds. 

The nonexistence of traveling waves for supersonic speeds {c> Vg) has been proved in |2lj in 
the case of the Gross-Pitaevskii equation, respectively in |33j for a large class of nonlinearities. 
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The aim of this paper is to prove the existence of finite energy travehng waves of (jl.ip 
in space dimension > 3, under general conditions on the nonlinearity F and for any speed 

C G {-Vs,Vs). 

We will consider the following set of assumptions: 

Al. The function F is continuous on [0, oo), in a neighborhood of Tq, -F(?'q) = and 
F'iri) < 0. 

A2. There exist C > and po < such that \F{s)\ < C(l + s^o) for any s > 0. 
A3. There exist C, ao > and r* > rg such that F(s) < —Cs°''^ for any s > r^,. 

.2 




If (Al) is satisfied, we denote V{s) = / F{T)dT and a = \ —\F' {tq). Then the sound 



velocity at infinity associated to (II. ip is fs = 2aro and using Taylor's formula for s in a 
neighborhood of Tq we have 

(1.4) V{s) = \v"{rl){s - rlf + {s - rlfe{s - r^) = a\s - rlf + {s - rlfe{s - r^), 



where e(t) — > as t — > 0. Hence for IV'I close to rg, y(|^| ) can be approximated by a 
rl?- 

We fix an odd function G C°*^(R) such that ip{s) = s for s E [0, 2ro], < < 1 on 
R and (/?(s) = 3ro for s > Avq. We denote W{s) = V{s) - V {ip"^ {^/s)) , so that W{s) = for 
s G [0, 4rQ]. If assumptions (Al) and (A2) are satisfied, it is not hard to see that there exist 
Ci, C2, Cs > such that 



\V{s)\ < Ci(s - r2)2 for any s < dr^, 
^ ' ' in particular, |F((/?^(r))| < Ci((/3^(r) - Tq)^ for any r; 



(1.6) \V{b) - V{a)\ < C2I6 - a\ max(oP", 5^°) for any a, b > 2r^; 

(1.7) \W{b^) - W{a^)\ < C3\b - a\ {a^P^+H^^^^ro} + ^'^"+'l{fe>2ro}) for any a,b>0. 

Given u G Hl^{K^) and O an open set in R^, the modified Ginzburg-Landau energy of u in 
is defined by 

(1.8) E2Liu)= [ \Vu\^dx + a^ f {^"^ {\ro - u\) - rlf dx . 

Jn Jn 

We simply write Egl (u) instead of (u) . The modified Ginzburg-Landau energy will play 
a central role in our analysis. We consider the function space 

^ ' = {u£ H\R^)\u£ L^' (R^), Egl{u) < 00}, 

where V^''^(R^) is the completion of for the norm = ||Vu||^2. If > 3 and (Al), 
(A2) are satisfied, it is not hard to see that a function u has finite energy if and only if u € X 
(see Lemma l4. II below) . Note that for N = 3, X is not a vector space. However, in any space 
dimension we have H^(R^) <Z X. If G A", it is easy to see that for any w G H^iR^) with 
compact support we have u + w G X. For A = 3, 4 it can be proved that u G P^'^(R^) belongs 
to X if and only if |ro — tip — Tq G L^(R^), and consequently X coincides with the space Fj-^ 
introduced by P. Gerard in [17], section 4. It has been proved in p/7j that the Cauchy problem 
for the Gross-Pitaevskii equation is globally well-posed in X in dimension A = 3, respectively 
it is globally well-posed for small initial data if A = 4. 

Our main results can be summarized as follows: 
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Theorem 1.1 Assume that N > 3, < c < Vs, (Al) and one of the conditions (A2) or 
(A3) are satisfied. Then equation admits a nontrivial solution u & X . Moreover, u G 

l^^'^'^(R^) for any p G [1, cxd) and, after a translation, u is axially symmetric with respect to 
Oxi. 

At least formally, solutions of (jl.3p are critical points of the functional 

Ec{u)= / \Vu\^ dx + cQ{u) + / V{\ro-u\^)dx, 

where Q is the momentum with respect to the xi— direction (the functional Q will be defined 
in the next section). If the assumptins (Al) and (A2) above are satisfied, it can be proved (see 
Proposition 4.1 p. 1091-1092 in [33j) that any traveling wave u £ X of (jl.ip must satisfy a 
Pohozaev-type identity Pc{u) = 0, where 

Pc{u)= ^ +^-^zl\7r- dx + cQ{u)+ V{\rQ-u\^)dx. 
J^N dxi N dxk jRiv 

We will prove the existence of traveling waves by showing that the problem of minimizing Ec 
in the set {u £ X \ u ^ 0,Pc{u) = 0} admits solutions. Then we show that any minimizer 
satisfies ()1.3p if > 4, respectively any minimizer satisfies (jl.Sp after a scaling in the last two 
variables if A^ = 3. 

In space dimension N = 2, the situation is different: if (Al) is true and (A2) holds for 
some po < oo, any solution u £ X oi (11. 3p still satisfies the identity Pc{u) = 0, but it can 
be proved that there are no minimizers of Ec subject to the constraint Pc = (in fact, we 
have inf{ii^c(n) \ u £ X,u ^ 0,Pc{u) = 0} = 0). However, using a different aproach it is 
still possible to show the existence of traveling waves in the case A^ = 2, at least for a set 
of speeds that contains elements arbitrarily close to zero and to Vg (and this will be done in 
a forthcoming paper). Although some of the results in sections 2—4 are still valid in space 
dimension N = 2 (with straightforward modifications in proofs), for simplicity we assume 
throughout that N >3. 

It is easy to see that it suffices to prove Theorem 11.11 onlv in the case where (Al) and (A2) 
are satisfied. Indeed, suppose that Theorem 11.11 holds if (Al) and (A2) are true. Assume that 
(Al) and (A3) are satisfied. Let C, r*, qq be as in (A3). There exist /? £ (0, jy^)' ^ > 
and Ci > such that 

Cs2ao _^>Ci{s- ffl^ for any s>f. 

Let -F be a function with the following properties: F = F on [0,4f^], F{s) = —C2S^ for s 
sufficiently large, and F{s'^) + ^ < —Cs{s — f)"^^ for any s > f, where C2, C3 are some positive 
constants. Then F satisfies (Al), (A2), (A3) and from Theorem 11.11 it follows that equation 
(jl.3p with F instead of F has nontrivial solutions u £ X. From the proof of Proposition 2.2 (i) 
p. 1079-1080 in [33] it follows that any such solution satisfies |ro — up < 2f^, and consequently 
F{\rQ — u\^) =F{\rQ — u\^). Thus u satisfies (|1.3p . Of course, if (Al) and (A3) are satisfied but 
(A2) does not hold, we do not claim that the solutions of (jl.3p obtained as above are still min- 
imizers of Ec subject to the constraint Pc = (in fact, only assumptions (Al) and (A3) do not 
imply that Ec and Pc are well-defined on X and that the minimization problem makes sense). 

In particular, for F{s) = 1 — s the conditions (Al) and (A3) are satisfied and it follows that 
the Gross-Pitaevskii equation admits traveling waves of finite energy in any space dimension 
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> 3 and for any speed c S (0, Vs) (although (A2) is not true for > 3: the (GP) equation 
is critical if = 4, and supercritical if > 5). A similar result holds for the cubic-quintic 



We have to mention that, according to the properties of F, for c = equation (jl.3p may 
or not have finite energy solutions. For instance, it is an easy consequence of the Pohozaev 
identities that all finite energy stationary solutions of the Gross-Pitaevskii equation are con- 
stant. On the contrary, for nonlinearities of cubic-quintic type the existence of finite energy 
stationary solutions has been proved in [13j under fairly general assumptions on F. In the 
case c = 0, our proofs imply that Eq has a minimizer in the set {u £ X \ u ^ 0,Po{u) = 0} 
whenever this set is not empty. Then it is not hard to prove that minimizers satisfy (II. 3p for 
c = (modulo a scale change if A^ = 3). However, for simplicity we assume throughout (unless 
the contrary is explicitly mentioned) that < c < f^. 

This paper is organized as follows. In the next section we give a convenient definition of 
the momentum and we study the properties of this functional. 

In section 3 we introduce a regularization procedure for functions in X which will be a key 
tool for all the variational machinery developed later. 

In section 4 we describe the variational framework. In particular, we prove that the set 
C = {u£X\u^O, Pc{u) = 0} is not empty and we have mf{Ec{u) \ u £ C} > 0. 

In section 5 we consider the case A^ > 4 and we prove that the functional Ec has minimizers 
in C and these minimizers are solutions of (jl.Sp . To show the existence of minimizers we use 
the concentration-compactness principle and the regularization procedure developed in section 
3. Then we use the Pohozaev identities to control the Lagrange multiplier associated to the 
minimization problem. 

Although the results in space dimension A^ = 3 are similar to those in higher dimensions 
(with one exception: not all minimizers of Ec in C are solutions of ()1.3p . as one can easily see by 
scaling), it turns out that the proofs are quite different. We treat the case A^ = 3 in section 6. 

Finally, we prove that traveling waves found by minimization in sections 5 and 6 are axially 
symmetric (as one would expect from physical considerations, see |24) ) . 

Throughout the paper, £^ is the Lebesgue measure on R^. For x = (xi, . . . ,xn) £ R-^, 
we denote x' = (x2, . . . ,xn) £ R^~"^. We write {zi, Z2) for the scalar product of two complex 
numbers zi,Z2. Given a function / defined on R^ and A, cr > 0, we denote by 



the dilations of /. The behavior of functions and of functionals with respect to dilations in 
R'^ will be very important. For 1 < p < A^, we denote by p* the Sobolev exponent associated 



2 The momentum 

A good definition of the momentum is essential in any attempt to find solutions of (jl.3p 
by using a variational approach. Roughly speaking, the momentum (with respect to the 
xi— direction) should be a functional with derivative 2iuxi ■ Various definitions have been given 
in the literature (see [7], [5], [6], [31])) any of them having its advantages and its inconvenients. 
Unfortunately, none of them is valid for all functions in X. We propose a new and more general 
definition in this section. 

It is clear that for functions u G i?^(R^), the momentum should be given by 



NLS. 



(1.10) 




top, that is = I - 



(2.1) 
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and this is indeed a nice functional on H^CR^). The problem is that there are functions 
ueX\ H\Ti^) such that ^^(R^). 

If n G is such that tq — u admits a lifting tq — u = pe*^, a formal computation gives 



(2.2) / {iux^,u) dx = - p^O^^ dx = - I (p^ - r^)6'xi ^^J. 

JR'V jRiV jR,iV 

It is not hard to see that if u E A' is as above, then [p^ — Tq)^^.^ G L^(R^). However, there 
are many "interesting" functions u & X such that ro — u does not admit a lifting. 

Our aim is to define the momentum on X in such a way that it agrees with ()2.ip for 
functions in ff^(R^) and with (j2.2p when a lifting as above exists. 

Lemma 2.1 iygi u ^ X be such that m < \rQ — u{x)\ < 2ro a. e. on R^, where m > 0. There 
exist two real-valued functions p,9 such that p — ro ^ H^CR^), 9 G V^''^{'R,^), ro — u = pe*^ 
a.e. on R^ and 



(2.3) 



-ro^(Im(n)+ro^)-(p -r,) — 



a.e. on R 



AT 



Moreover, we have 



dx < 



1 



2am 



Egl{u). 



Proof. Since tq — ti G ///^^(R^), the fact that there exist p,6 ^ Hl^^{R^) such that 
ro — n = pe'^ a.e. is standard and follows from Theorem 3 p. 38 in [9J. We have 



(2.4) 



du 


2 


dp 


2 


89 


dxj 




dxj 




dxj 



a.e. on R^ for j = 1, . . . , A'". 



Since p = \ro — u\ > m a.e., it follows that Vp,V9 G L^(R^). If > 3, we infer that there 
exist po, ^0 £ R- such that p — po and 6 — 9q belong to (R-^)- Then it is not hard to see that 
po = ro and = ^koir, where ko G Z. Replacing ^ by ^ — 2k()7r, we have p — rQ,9 G P^'^(R^). 
Since p < 2ro a.e., we have p^ — rg = (/?(|ro — tip) — Tq G L^(R^) because G A". Clearly 

I I IP^-^nl 

|p-r-o| = ^+f;^S^|P'-ra 

A straightforward computation gives 



< t^Ip^ - rgl, hence p - tq G L^(R^). 



{iux^,u) = (ma;,,ro) 
By ([2^ we have 



-ro^(Im(n)+roe)-(p2-rg)^. 



dxi 



< 



du 



dxi 



< 



du 



dxj 



and the Cauchy-Schwarz inequality gives 



R'V 



'0)"xi 



dx<\\p - ro||i2||6'^i||i2 < — Hp 

m 



< 



2am 



Egl{u) 



□ 



Lemma 2.2 Let x ^ C'^CCjR) &e a function such that x = ^ on B{0, ^), < x < 1 Q^'^t? 
supp(x) C -6(0, y)- -^i^^ arbitrary u £ X, denote ui = x{'^)'^ o,nd U2 = — x{u))u. Then 
ui £ X , U2 £ H^(R.^) and the following estimates hold: 

(2.5) |Vnj| < C|Vn| a.e. on R^,i = 1,2, wehere C depends only on x, 

2* 2* 

(2.6) IK2||L2(RiV) < CillV-ull/a^j^^j and ||(1 - X^(^^))^^llL2(RiV) < C'i||Vn||^2^^^^^, 
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(2.7) / (^2(|^^_^^|)_^2)2^^^ r (^2(|^^_^|)_^2)2^^^^^||^^||2; 

Jn^ Jrn ^ 



(2.8) {ifWro - U2\) - r^)' dx < C2I |Vn| l^;^^^^). 



Let ro — ui = pe^^ be the lifting of tq — ui, as given by Lemma \2.1\ Then we have 

do d 

(2.9) {iu-^^,u) = (1 - x^{u)){iu,^^,u) - {p^ - ^i)-^ - tq — (Im(ni) + ro9) 

a.e. on H'^ . 

Proof. Since \ui\ < \u\, we have Ui G (r^^)> i = 1,2. It is standard to prove that 
Ui G HI^^(R^) (see, e.g., Lemma CI p. 66 in [9]) and we have 

.„^„. dui ( d{Re{u)) d{lv[i{u)) \ du 
(2-10) T— = dix{u)^r- + d2xiu)^- u + xiu)^—- 



dxj \ dxj dxj J dxj 

A similar formula holds for U2- Since the functions z 1 — > dixiz)z, i = 1,2, are bounded on C, 
(12. Sp follows immediately from (j2.10p . 
Using the Sobolev embedding we have 



||«2|li2< / |n|2l^|„|>^^(x)dx< (1) / |t.p*l||„|>ii,}(x)dx<C7i||Vn||i;. 



This gives the first estimate in (12. 6p : the second one is similar. 
For |u| < ^ we have ui{x) = u{x), hence 

/ i'p'^ilro -ui\) -r^f dx = {ip^{\ro - u\) - r^f dx. 

There exists C" > such that ((/9^(|ro — z\) — rg)^ < C"|zp if \z\ > ^. Proceeding as in the 
proof of (j2.6p we have for i = 1,2 

I (ifWro - u^\) - rl? dx < C' [ < C2I |Vn| ||; . 

Al«l>?} Al«l>?} 

This clearly implies ([2^]) and (pIH]) . 

Since 9ix(n)^^^|p+a2x(«)^^^P G R, using ^Q!) we see that {i^, m) = x'(^^)(*n., , ? 
a.e. on R. Then ()2.9p follows from Lemma l2. II □ 

We consider the space y = {d^^cl) \ 4> G ^^'^(R^)}. It is clear that 0i,(/>2 G ^^'^(R^) and 
dxi(t)i = dxi(l)2 imply = (/>2. Defining 

\\dccMy = M\v^^^ = \N<P\\LHii'^), 

it is easy to see that 1 1 • | |;y is a norm on y and (3^, 1 1 • | |;y ) is a Banach space. The following holds. 
Lemma 2.3 For any v G L^(R^) r\y we have I v{x) dx = 0. 
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Proof. Let (j) G ©^'^(R^) be such that v = d^^c/). Then (p E 5'(R^) and |^|(/> E L2(R^). 
Hence (j) E -^^^(I^^ \ {0})- On the other hand we have v = dxi4> E nL^(R^) by hypothesis, 
hence v = i^i^ G n CO(R^). 

We prove that u(0) = 0. We argue by contradiction and assume that v{0) ^ 0. By 
continuity, there exists m > and e > such that 1^(^)1 > m for |^| < e. For j = 2, . . . N we 
get 

Hjlm > tIiI^(OI > m^M for a.e. ^ G B{0,e). 
I?i| l?il 

But this contradicts the fact that i^jcf) E L^(R^). Thus necessarily t;(0) = and this is exactly 
the conclusion of Lemma I2.3i □ 



It is obvious that Li{v) = / v{x)dx and L2{w) = are continuous hnear forms on 

Jrn 

L^(R^) and on 3^, respectively. Moreover, by Lemma 12.31 we have Li = L2 on L'^(R^) n 3^. 
Putting 

(2.11) L{v + w)=Li{v) + L2{w)= I v{x)dx for v E L^(R^) and u- E 

we see that L is well-defined and is a continuous linear form on L^(R^) + y. 

It follows from (j2.9p and Lemmas 12.11 and 12.21 that for any u E A' we have {iux-^ , u) E 
L^(R^) + y. This enables us to give the following 

Definition 2.4 Given u £ X, the momentum of u (with respect to the xi — direction) is 

Q{u) = L{{iux^,u)). 
li u £ X and x> ui,U2, P,G are as in Lemma [221 from (j2.9p we get 

(2.12) Q{u)= [ {l-x\u)){iux„u)-{p^-rl)ex,dx. 



R^ 

It is easy to check that the right-hand side of (j2.12p does not depend on the choice of the 
cut-off function x, provided that x is as in Lemma 12.21 

It follows directly from (j2.12p that the functional Q has a nice behavior with respect to 
dilations in R^: for any u £ X and A, o" > we have 

(2.13) Q{ux,.) = a^'-'Qiu). 

The next lemma will enable us to perform "integrations by parts". 

Lemma 2.5 For any u £ X and w E H'^{'R,^) we have {iuxj^,w) E L^(R^), {iu,Wxi) E 
L^{'R^)+y and 

(2.14) L{{iux, , w) + {iu, Wx,)) = 0. 
Proof. 

Since w,Uxi E L^(R^), the Cauchy-Schwarz inequality implies {iux-^,w) E L^(R^). 

Let X) ^^1; U2 be as in Lemma [2.21 and denote wi = xiw)w, W2 = {1 — xi'w))w. Then 
u = ui + U2, w = wi + W2 and it follows from Lemma 12.21 that ui £ X Ci L°°(R^) and 
U2, Wi, W2 E Fi(R^). 
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As above we have {i^^,w), {iu2, S -L^(R'^) by the Cauchy-Schwarz inequahty. The 
standard integration by parts formula for functions in //^(R^) (see, e.g., [8], p. 197) gives 

(2.15) / (^^^^^) + ^iu^^pL)dx = 0. 

J^N dxi dxi 

Since ui £ P^'^ n L°°(R^) and wi £ n L°°(R^), it is standard to prove that {iui,wi) £ 
nL°°(R^) and 



(2.16) 



dui dwi d 



a.e. on R . 



Let = {x £ \ \w{x)\ > We have (^)^£^(A^) < / 



and consequently has finite measure. It is clear that W2 = and Vw2 = a.e. on 
R^ \ Ay,. Since W2 £ L2*(R^) and Vw2 £ ^^(R^), we infer that W2 £ D L'^*(R^) and 
Vw2 £ n L2(R^). Together with the fact that ui £ L^* n L°°(R^) and Vui £ ^^(R^), 
this gives {iui,W2) £ r\L'^'(R^) and 



{i^,W2) € n (R^), {^u„ ^) £ n lHk^] 



dxi 



dx.\ 



for j = l,...,iV. 



It is easy to see that -^{iui,W2) = {i-^,W2) + {iui,-^) in D'(R^). From the above we 

infer that {iui,W2) £ W^^'^CR^). It is obvious that [ ^ dx = for any V S l^^'^(R^) 

^Riv dxj 

(indeed, let {tpn)n>i C C^(R^) be a sequence such that Vn — *■ ^ in W^'^CR.'^) as n — > oo; 



then / — — dx = for each n and 
Jrn dxj 

(i|Hi,^2>, (mi,|ff)GLi(R^) and 



RAT 9Xj 



dip 



as n — > oo). Thus we have 



(2.17) [ {i^p-,W2) + {iui,^^) dx = [ -^{iui,W2) dx = {). 
J^N dxi dxi JjiN dxi 

Now (fTT^ follows from ([XT?]) . ([XTU]) . ([XTT]) and Lemma O is proved. 
Corollary 2.6 Let u, v £ X be such that u-v £ L'^{R^). Then 

(2.18) \Q{u)-Q{v)\ < \\u-v\\L2^n^) 



□ 



dxi 



L2(R'V) 



dxi 



Proof. It is clear that w = u — v £ H'^{'R^) and using (j2.14p we get 
(2.19) 



Q{u) - Q{v) = L{{i{u - v)xi,u) + {iva;^,u - v)) 
= L{{iux^,u-v) + {ivxi,u-v)) 

{iuxi + ■•'U ~ dx. 



n 



Then ()2.18p follows from (j2.19p and the Cauchy-Schwarz inequality. 

The next result will be useful to estimate the contribution to the momentum of a domain 
where the modified Ginzburg-Landau energy is small. 

Lemma 2.7 Let M > and let Q. be an open subset of R^ . Assume that u £ X satisfies 
Egl{u) < M and let x, P-, be as in Lemma \2.SX Then we have 



(2.20) 



/ 



2* 



(1 - xHu)){iUx,,u) - {p" - rDOx, dx < C{M-2+M-) (£;^i(n))^ . 
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Proof. Using (j2.6p and the Cauchy-Schwarz inequality we get 

,2/'„,\\ /„■„. „.\ J™ ^ IL, II ^ 1 1 /" 1 ,,2 



(2.21) 



{I - X {u)){iuxi,u) dx < \\uxi\\L^(n)\\{'^ - x {u))u\\l2^^) 

2* 

< C'ilkxillL2(f^)||Vn||^^2(R]V)- 



We have < ^, hence |ro — uil < ^ and (f{\rQ — ui\) = |ro — ui\ = p. Then ()2.7I) gives 
(2.22) Hp' -rg||i2(RiV) < C'{EGLiu)+EGL{ufi) < C'{M + M^). 



From (|2^ and (|23D we have 



(2.23) 



< i 



(9a::, 



< c 



du 



a.e. on R . Therefore 



(p2 - r^)Oxi dx < Hp' - r'^\\L^n)\%i\\L\n) 



< C"||p2 - r2||i2(R^)|h.J|i2(f,) < (M + mV)" (i^gjn)) 



Then (j2:2(l follows from (lOTl) and ([223]). □ 

3 A regularization procedure 

Given a function u E X and a region 17 C such that E^iiu) is small, we would like to 
get a fine estimate of the contribution of O to the momentum of u. To do this, we will use 
a kind of "regularization" procedure for arbitrary functions in X. A similar device has been 
introduced in [Ij to get rid of small-scale topological defects of functions; variants of it have 
been used for various purposes in [7], [6], [5]. 

Throughout this section, O is an open set in R^. We do not assume Q, bounded, nor 
connected. If 7^ 0, we assume that 50 is C^. Let ip be as in the introduction. Let u ^ X 
and let h > 0. We consider the functional 



\v — u\ 



32ro 



dx. 



Note that G^f^(u) may equal oo for some v ^ X] however, G'f^Q^{v) is finite whenever v £ X 
and v-ue L2(J^). We denote H^{n) = {u e H^(R^) | u = on R^ \ f]} and 

Hl{n) = {veX\v-ue H^{n)}. 

The next lemma gives the properties of functions that minimize q in the space H^{Q). 

Lemma 3.1 i) The functional ^ has a minimizer in H^(Q). 

ii) Let Vfi he a minimizer of q in H^{Q). There exist constants Ci, C2, C3 > 0, depend- 
ing only on N, a and tq such that Vh satisfies: 



(3.1) 



(3.2) 
(3.3) 



{^Wro - u\) - rlf - {^Wr, - Vh\) - rlf dx < C2hE^d'^); 
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1 

(3.4) \Q{u) - Q{vh)\ < C3 (^h^ + {E2L{u))^h^^ " E^du). 

in) For z e C, denote H{z) = {(p'^{\z - ro|) - rl) ip{\z - ro|)v3'(|z - ro|) jfE^ if z ^ ro and 
H^vq) = 0. Then any minimizer ofG^Q in H^(Q) satisfies the equation 

(3.5) - Avh + 2a^H{vh) + ( '""yj'' ) - ^) = inV'{n). 

Moreover, for any uj CC we have Vh S W'^'^{ijj) for p € [l,oo); thus, in particular, Vh S 
Ci'"(a;) forae [0,1). 

iv) For any h > 0, 6 > and R > there exists a constant K = K{a,rQ, N,h,6, R) > 
such that for any u ^ X with Eq^{u) < K and for any minimizer ofG^ q in H^{^) we have 

(3.6) rQ — 6 < \rQ — Vh{x)\ < r^ + 6 whenever x G $7 and dist{x, dQ) > 4i?. 

Proof, i) It is obviuos that u G ff^(r2). Let (v„)n>i be a minimizing sequence for ^ in 

Hi(a). We may assume that Gt^M < GUiu) = £g,(„) and this implies / |V„,.Pd. < 

Jo. 

Eqi^{u). It is clear that 

(3.7) / \vn - dx < 32ro / if f dx < 32ro/i2sgi(n). 
Jnn{\v„-u\<8ro} Jn \ •^^'^o / 

Since Vn — u -f^o(^) ^ H^(R'^), by the Sobolev embedding we have \\vn — u\\l'^*(iin) < 
CsW^Vn — V^IIl2{rJV), where Gs depends only on N. Therefore 

/ \vn — ul"^ dx < (Sro)'^^'^ / — tip dx 

(3.8) J {\vn~u\>8ro} J {\vn-u\>8ro} 



<{8rof \\vn-u\\^j^,.^^^^<G'\\Vvn-Vu\\^^,^^^^<G{E2L{u))'^ . 

It follows from (|3.7p and (j3.8p that \\vn — u\\]^2(^^-^ is bounded, hence Vn — u is bounded in 
Hq{Q). We infer that there exists a sequence (still denoted {vn)n>i) and there is w G Hq{Q) 
such that Vn — u ^ w weakly in Hq{^1), Vn — u — > w a.e. and Vn — u — > w in Lf^^(i7) for 
1 <p <2* . Let v = n + tn. Then Vf„ ^ weakly in L^(R^) and this implies 

|Vt;|^ < liminf / |Vf„pdx. 

Using the a.e. convergence and Fatou's Lemma we infer that 



(.^(|..-„|)-.„f ..<iiminf/(,^(|,.„-„„|)-.S^.. 

(f L I < liminf / 99 ( ^— L | (]^x. 



and 



Therefore G'^q{v) < liminf ^^^ ^(un) and consequently u is a minimizer of G'^^ in H}^{Q). 

ii) Since u G H^{^), we have EQi^{vh) < G^^ivh) < Eq^{u)] hence (13. ip holds. It is clear 
'"a^ro' ) - if b?t - > 8ro, thus 

2ro£^({|t;, - n| > 8ro}) < / f '^^ ^ ^^Gl^i^h) < h^E^dn). 
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Using Holder's inequality, the above estimate and the Sobolev inequahty we get 

\vh — dx 



(3.9) 



{kh-«l>8ro} 



< \\vh-u^'^ 



< \\vh-u^'^ 



L2*(RJV) 



-.|>8M) (^^({l-/.-^l>8ro})) 
{C^a\vh-u\>8ro})Y-^ 



1- — 



<Cs\\Vvh-Vu\\] 



1+1 



It is clear that (|3.7p holds with Vh instead of u„ and then (13. 2p fohows from (|3.7p and (j3.9p 
We claim that 



(3.10) 



fi\ro - z\) - <f{\ro - CI) 



< 



32rQip 



\z-C\ 
32ro 



2\ n 



for any z, ^ G C. 



Indeed, if \z — ro| < 4ro and |C — '^ol ^ 4ro, then l-z — CI ^ 8ro, 



32ro 



32ro 



and 



99(|ro — 2:|) — y^dro — CI) < ko - -^1 — ko — CI < k — Cli hence (|3.10p holds. 

If Iz — ro| < 4ro and |C — ?'o| > 4ro, there exists t £ [0, 1) such that w = {l — t)z + tC satisfies 
|ro — w\ = 4ro and 

V?(|ro - z|) - 99(|ro - CI) = f{\ro-z\)-Lp{\ro-w\) 
1 _ 1 



< 



< 



32roV3 



32ro 



We argue similarly if |z — ro| > 4ro and |C — ^^ol ^ 4ro. Finally, in the case Iz — ro| > 4ro and 
IC ~ '''ol > 4ro we have ^{\ro — z\) = (p{\rQ — C|) = 3ro and (j3.10p trivially holds. 
It is obvious that 



(3.11) 



((^2(|ro - u\) - rg)^ - (^2(1^^ _ ^^1) _ ^2)2 



< 6ro 



(p{\ro - u\) - ip{\ro - Vh\) ■ ip^{\ro - u\) + <f'^i\ro - Vh\) - 2r^ 



Using (|3.1ip . the Cauchy-Schwarz inequality and (|3.1Up we get 



[^\\ro-u\)-rl)'-{^\\ro-Vh\)-rl) 



2\2 



dx 



< 6ro 



ip{\ro - u\) - ip{\ro - Vh\) 



dx 



ip'^{\ro-u\)+ip'^{\rQ-Vh\)-2rl 



dx 



< 6ro / 32roip 



32ro 



dx 



{ip'^{\ro - u\) - r^f + {ip'^ilro - Vh\) - r^f dx 



< 

and (|3.3p is proved. Finally, (13.41) follows directly from (|3.ip . (13. 2p and Corollary 12.61 

iii) The proof of ()3.5p is standard. For any ip E C^{Q) we have v + i/' S H^{^) and the 
function 1 1 — > ^(^ + achieves its minumum at t = 0. Hence ^1 (Gl^^{v + t^))=0 
for any -0 S C^(r2) and this is precisely 
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For any z E C we have 
(3.12) 



\H{z)\ <3ro|v52(|z-ro|)-r2| < 24r3. 



Since vh G X, we have ip^{\rQ-Vh\)-rl G L2(R^) and (IHT^ gives H{vh) G L2nL°°(R^). We 



also have 



< — u\ and 



v'' (^) (-^ - 



s>0 ^ ^ 



s < oo. 



Since Vh-u^ i>^(R^), we get 99' (^ '"g^^J^ J (v,, - u) G n L°°(R^). Using ([33]) we infer that 

Av/j G n -L°*^(r2). Then (iii) follows from standard elliptic estimates (see, e.g., Theorem 9.11 
p. 235 in [19]) and a straightforward bootstrap argument. 

iv) Using (|3.12p we get 
hence | |-f^('U/i)| |l2(q) < C' [Eqj^{u))'^ . By interpolation we find for any p G [2, 00], 



(3.13) 



p-2 



There exist mi, 7112 > such that 
any s > 0. Then we have 



and 



< 7712 for 



/ I \ Vh - u\ 
32ro 



{vh - u) 



\Vh - u\ 
32ro 



thus 



(3.14) 



dx < mi / ip 
Jn 

^' ) ^'"h - ^) 2^ ^ - ^ ("^i-E'gl(^)) By interpolation we get 

^' (^) - 



< 



Lp{n) 



L°°(0) 



for any ]5 G [2, 00]. From (13.51) . (I3.13P and (I3.14P we obtain 



L2(n) 



(3.15) 



|Ai;h||LP(n) < C(l + /ii ^){E2Liu))'' for any p> 2. 



For a measurable set to C with C^{u)) < 00 and for any / G L^{uj), we denote by 

1 themean value „f/o„.. 

Let xo be such that B{xq^4:R) C ^2. Usmg the Poincare inequahty and (j3.ip we have 

(3.16) ||7;,,-m(t;^,i?(xo,4ii))||i2(B(,„^4H)) <Cpi?||V7;;,||i2(B(,„,4R)) <Cpi?(i^^^ 

We claim that there exist A; G N, depeding only on N, and = C^{a, tq, A^, /i, R) such that 



(3.17) 



It;;, -m(t;;„i?(:Eo,4ii))||^2.iV(B(,„,_^)) < { {E^l{^)Y + (i?gi(t.)) 



It is well-known (see Theorem 9.11 p. 235 in |19j) that for p G (l,c«) there exists C 
C{N,r,p) > such that for any w G W'^'^{B{a,2r)) we have 



(3.18) 



\w\\w^'PiB{a,r)) < C {\\w\\Lp(^B{a,2r)) + \ \'^M\LP{B{a,2r))) 
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From ([3T3]) . (IXT6]) and dXTH]) we infer that 

(3.19) \\vh - m{vh, B{xo, 4:R))\\w2,2(^B{xo,2R)) 

<C{a,ro,N,h,R) {e2l(.u)) 
If I — < from (|3.19p and the Sobolev embedding we find 

(3.20) I \vh - mivh, B{xo, m)\\L^ {B{xo,2R)) < C(a, ro, A^, h, R) {E^du)) ' 



Then using (IXT5D (for p = N), iK20\i and (f3J8]) we infer that (IXT7D holds for /c = 2. 
If ^ — > (3.19) and the Sobolev embedding imply 



(3.21) 



\vh - m{vh, B{xo,4:R))\\LPi{Bixo,2R}) < C{a,ro,N,h,R) (-Bg^(ii)) 



where — — ^ 



- - 2 jf- Then dMID, (|3T5D and dXTH]) give 
(3.22) \\vh-mivh,BixoARm 

If ^ - ^ < ^, using iK22\\ . the Sobolev embedding, (I313I1 and (l338l) we get 

j_ 

JV 



\vh-m(vh,B{xoARmw^,N^Bixo4)) < C(a,ro,iV,/i,i?) (i?^L(n))^ + (i^^^W) 



otherwise we repeat the process. After a finite number of steps we find A; G N such that (|3.17p 
holds. 

We will use the following variant of the Gagliardo-Nirenberg inequality: 



(3.23) 



\W - m{w, B{a, r))\\LP(B{a,r)) < C{p, q, N, r)\\w\ \ £,(B(„^2r)) I l^^l lLA^^B(a,2r)) 



for any w G W^''^ {B{a, 2r)), where 1 < q < p < oo (see, e.g., [26] p. 78). 
Using ([3:23]) with w = Vvh and ([3171) we find 



I \VVh - m{VVh, B{xo, 2*rrT))l I lp{B{xo,^)) 



<C\\Vvh\r, 



i2{B(^o,^))ll' ''^^L^{B{xo,-^)) 



<C{E%du))H{E^d^)Y + {E%d^y 



1 \ 1 



(3.24) 



for any p G [2, 00), where the constants depend only on a, vq, N, p, h, R. 
Using the Cauchy-Schwarz inequality and ()3.1[) we have 



m{Vvh, B{xo, ^)) < £^(i?(xo, ^))-^ 1 1 Vt;,| < ^ (i?8i(7x)) ^ 

and we infer that for any p G [1, 00] we have the estimate 
||m(V?;/„S(xo,27^))|liP(B( )) 

< miVvf,,,B{xo,^)) {C^{B{xo,^))y <C{N,p,R){E2du)y' ■ 



Prom p.24p and ()3.25p we obtain for any p G [2, cxd), 



(3.26) ||V^;;,||^,(5(^^^^)) < C(a,ro,iV,p,/i,i?) {E^du))' + {E^du))'' 
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We will use the Morrey inequality which asser ts that, for any w G nW'^'P{B{xo,r)) with 
p > N we have 

(3.27) \w{x) -w{y)\ <C{p,N)\x-y\ ^ \\Vw\\LP(^B{xo,r)) for any x, y G S(xo, r)) 

(see, e.g., the proof of Theorem IX. 12 p. 166 in [8j). Using (j3.26p and the Morrey's inequality 
IKTn for p = 2N we get 

(3.28) \vh{x)-Vh{y)\<C{a,ro,N,h,R)\x-y\"2 ((i^gz. W) ^ + ^^'^"^^ 

for any x,y £ B{xq, ^)). 

Let 6 > and assume that there exists xq £ such that | \vh{xo) — ro| — ro| > 5 and 
B{xo,AR) C Since | | \vh{x) - ro| - ro| - | \vh{y) - ro\ - ro| | < \vh{x) - Vh{y)\, from (|3.28p 
we infer that 

I \vh{x) - rol - rol > - for any x e B{xo, rs), 



where 



(3,29) „ = .„i„ { ,^^J_^^,^J ((^^g.W)* + (ESdnr'^^^f 



Let 



(3.30) ri{s) = inf{(^^(r) - r^)^ | r G (-oo, ro - s] U [ro + s, oo)}. 
It is clear that ij is nondecreasing and positive on (0, oo). We have: 

^8lM > E^lM >a'[ {^H\ro - vh\) - rg)' dx 

(3.31) . -^BC^'o.r.) 

>a2 / rj{l)dx = C^{B{0,l))a^r,{l)r^, 

J B(xQ,r/:) 



where rs is given by (j3.29p . It is obvious that there exists a constant K > 0, depending only 
on o, ro. A'', h, R, 6 such that (j3.3ip cannot hold for Eq^{u) < K. We infer that | \vh{xQ) — 
'rQ\ — rQ\ < 5 B{xq,AR) C ^ and Eqj^{u) < K. This completes the proof of Lemma [3Tl □ 

Lemma 3.2 Let (n„)„>i d X he a sequence of functions satisfying: 
a) EGiiun) is bounded and 
h) hm ( sup El'f'^\urS) =0. 

There exists a sequence hn — > such that for any minimizer Vn of G^" j^jv ^uni^'^) 
we have \ \\vn — r^l — rQ\\i^oo(jiN-^ — > as n — > oo. 

Proof. Let M = sup EcLiun)- For n > 1 and x G we denote 

n>l 

runix) =m{un,B{x,l)) = jj^j^j^—^ Un{y)dy. 



By the Poincare inequality, there exists Co > such that 



|M„(y) - m„(x)p < Cq | |Vn„(y)| ^ dy. 
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From (b) it follows that 

(3.32) sup ||un - mn(x)||i2(B(x,i)) — >0 as X — > oo. 
Let H be as in Lemma l3.ll (iii). From (13.120 and (b) we get 

(3.33) sup ||i?(n„)|||2(B(a; D) ^ sup 9ro / {'^'^ {\fQ - Un{y)\) - rlf dy — >Q 

xeR^ ^ V : ^^^^ Jb(x,1) 

as n — > cxD. It is obvious that H is Lipschitz on C. Using (j3.32p we find 

(3.34) sup \\H{Un) - H{mn{x))\\L2(^B{x,l)) < Cl sup \\Un - mn{x)\\L2(^B(x,l)) ' 

xeR^ xeR^ 

as n — > oo. From (I3.33|) and (13.340 we infer that sup^-gj^iv \ \H{mn{x))\\i2(^B{x,i)) — ^ ^ 
n — > oo. Since \\H{mn{x))\\i2(^B{x,i)) = C'^{B{0, l)\H{mn{x))\, we have proved that 

(3.35) lim sup |i?(m„(x))| = 0. 

"^°°xeR^ 

Let 



1 i_ 

N+2 I \ AT 



(3.36) /i„ = max sup - m„(x)||i2(B(^_i)) , sup |F(m„(a;))| 

\xeR^ / \a;GR^ / 

From ()3.32p and ()3.35p it follows that /i„ — > as n — > oo. Thus we may assume that 
< /i„ < 1 for any n (if /i„ = 0, we see that Un is constant a.e. and there is nothing to prove). 
Let Vn be a minimizer of G^" (such minimizers exist by Lemma l3.ll (i)). It follows from 
Lemma l3.ll (iii) that f„ satisfies p.Sp . We will prove that there exist R^q > and C > 0, 
independent on n, such that 

(3.37) W'^'^uIIl'^ {B{x,Rpf)) ^ for any x G R'^ and n £ N*. 

Clearly, it suffices to prove (|3.37p for x = 0. We denote rUn = rnn{0) and (p{s) = vi^i^)- Then 
(13.51) can be written as 



(3.38) - AVn + ■X-'f'il'^n - mn\'^){Vn - mn) = fn, 

where 

fn = -2a''{H{vn)-H{mn))-2a''H{mn) 

(3.39) 

+ ^ [<^'{\Vn - mn\'^){Vn - mn) - (^'(l^n - Un\'^){Vn - Un)) ■ 

In view of Lemma O (iii), equality (l338|) holds in Lf^^(R^) (and not only in P'(R^)). 

The function z i — > (p'{\z\^)z belongs to C^(C) and consequently it is Lipschitz. Using 
(I3.36p . we see that there exists C2 > such that 

^3 \Wi\Vn - mn\'^){Vn - m„) - (p' {\Vn - Un\'^){Vn - ^n) | |l2{B(0,1)) 



By (lOHD we have also \\H{mn)\\L^B{o,i)) = (^^(^(0, 1)) ' |^K«)| < {C^ {B{0,1))^ h 
From this estimate, ()3.39p . ()3.40p and the fact that H is Lipschitz we get 

(3.41) \\fn\\L^Bio,R)) < CsWvn - "in| 1x2(5(0,/?)) + Cihn for any R G (0, 1]. 
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Let X G C^(R^,R). Taking the scalar product (in C) of (j3.38p by x{^){vn{x) — m„) and 
integrating by parts we find 

x|Vu„p dx + ^ I X'f'{\vn - mn\'^)\vn - ninf dx 



(3.42) 

1 



{Ax)\Vn-mn\ dx+ {fn{x),Vn{x) - mn)x{x)dx. 



2 

From ()3.2p we have \\vn — ^^nl |l2(j^jv) < C^hn , thus 

(3.43) \\Vn - "Inl 1^2(5(0,1)) < \ \Vn- UuWl'^ {B(0,1)) + I " IT^uWl'^ {B{0,1)) < KqH^ . 



2 



We prove that 

(3.44) \\vn - m„||^2(^(o,_i_)) < Kjh^ for 1 < j < 



+ 1, 



where i^j does not depend on n. We proceed by induction. From (j3.43p it fohows that (j3.44p 
is true for j = 1- 

Assume that p.44p holds for some j S N*, j < ^ . Let Xj S C^(R^) be a real- valued 

function such that < Xj < !> supp(xj) C -6(0, 2j^) ^-i^d Xj = 1 on -6(0, ~). Replacing x by 
Xj in (13.42p . then using the Cauchy-Schwarz inequality and (j3.4ip we find 



/ I'^Vnfdx+^f (f' {\Vn - mn\'^)\Vn - rUn]'^ dx 



^ ^ < ^||AXj||L°o(RiV)|bn - "^nl 1^2(5(0, _!_)) + 1 1 1 1 L2 (B{0, ^)) I " "J-nl Il2(5(o,_L^)) 

< j4j||'t;„ — "T-nl 1^2(^(0, ^i^-)) ^^/iri ~ "T'n|lL2(B(o,_^)) < ^j/ljf • 

22 

' 23 ■ 



From (I3.44P and ()3.45p we infer that H'Vn— "i„||j|^i^^q < Bjhn ■ Then the Sobolev embedding 
implies 
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(3.46) Ibn -"i„||^2*B(o,i-) - ^i^*^- 

The function z i — > (^(|zp) is clearly Lipschitz on C, thus we have 



\'^{\Vn - Un\^) - '^{\Vn - m„|^)| dx < Cq / \Un - m„| 

5(0,1) ■^-8(0,1) 

<C^6|| I|l2(B(0,1))<C6/i^+'. 

It is clear that / <^(hn — ^^nP) rf^; < h^G^" -aNivn) < h^EQiiun) < ^n-M" and we obtain 



(3.47) / (p{\vn - mn\'^) dx 

Jb{o,i) 

If |f„(x) - m„| > 8ro we have (p{\vn{x) - m„p) = (p '""^ga^o"""' ) > 2ro, hence 

(3.48) 2ro£^({x E 5(0,1) I |t;„(2;) -m^l > 8ro}) < /" (|?;„ - m„|2) < Cy/i^ . 

JB(0,1) 
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By Holder's inequality, (j3.46p and (j3.48p we have 



Vr, — m„ I dx 



{bn-m„|>8ro}nB(0,i) 



(3.49) 



< \ \v. 



n - "in||^2*B(o,i) (^^({^ e B{0, 1) I \vn{x) - m„| > 8ro}))'' 



2 

"2^ 



< Ejhn^ 



Prom ([05]) it follows that 



(3.50) 



{|fn-m„|<8ro}nS(0,i) 



94_M 4j+4 



ip'{\Vn - mn\'^)\Vn - "1„P dx 



Then (|3.49|) and (j3.50p imply that (j3.44p holds for j + 1 and the induction is complete. Thus 



(I3.44p is established. Denoting Jn 



Ar2 



+ 1 and Rn 



2^N 



— , we have proved that 



(3.51) 

It follows that 
(3.52) 



2jiV 



\Vn - 'mn\\L2(B{0,RN)) - ^JN 



B{0,Rn) 
1 

"-n zee 



-^(^'(l^n - mn\'^){Vn - rrin) 



AT 



if- y\z\-) Z 



dx 

Vn - mJ"^ dx < Cs 



B(0,fljv) 



Arguing as in (j3.40p and using (|3.36p we get 

\\<f'i\Vn - m„|2)(t!„ - m„) - (p'{\Vn - n„P)(i;„ - Un)\\^N (^BiO,l)) 



(3.53) 



< Cg sup 

zee 



f 1^1 z 



N~2 



Prom p.39p . (|3.53p and the fact that H is bounded on C it follows that | |/n| lL^{_B(o,iJjv)) — 
where Cn does not depend on n. Using this estimate, (|3.52p and (j3.38p . we infer that (j3.37p 
holds. 

Since any ball of radius 1 can be covered by a finite number of balls of radius Rn, it follows 
that there exists C > such that 

(3.54) I [^"f^nl |LJV(B(a;,i)) ^ C for any x £ and n G N*. 

We will use (|3.18p and (j3.54p to prove that there exist Rj\f £ (0, 1] and C > such that 

(3.55) \\Vn - mnix)\\yy2,N (^b{x,Rn)) - ^ ^ ^ ^ 



As previously, it suffices to prove ()3.55p for xq = 0. From (j3.54p and Holder's inequality it 
follows that for 1 < p < we have 



(3.56) \\Avn\\LPiB(x,i)) < (/:^(i?(0,l)))' ^ ||A^;„||f^(^(^^^^) < C{p). 
Using (I333|), (I33ip and (I3T8I1 we obtain 

(3.57) I \Vn - "ln(0)| |ty2.2(s(^ 1 )) < C. 
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h ~ W — and the Sobolev embedding give 

ll^n-"^n(0)llL^{ij(x,|)) < C, 



and this estimate together with ()3.54p and ()3.18p imply that (13.550 holds for Rn = \- 

If^ — > 4r. from (j3.57p and the Sobolev embedding we find ||t;„ — m„(0) ||j;^p^|-^(-^ i^^ < C*, 

where ^ = ^ — jj- This estimate, (I3.56P and (I3.18P imply ||f„ — '"^n(0)||;^2,pi(g(^ < C. If 

^ — < from the Sobolev embedding we obtain ||un — "^n(0)| |^jv(b(2, i)) < C*, and then 

using ()3.54p and (|3.18p we infer that (j3.55p holds for Rn = |. Otherwise we repeat the above 
argument. After a finite number of steps we see that (j3.55p holds. 

Next we proceed as in the proof of Lemma 13.11 (iv). By (|3.23p and (j3.55p we have for 
p G [2, oo) and any xq G R-^, 

\\Vvn - m{Vvn,B{xo, IRn))\\lp^b(xo,^Rn)) 

(3.58) 2 i_2 ' 

Arguing as in ()3.25p we see that | |m(Vw„, B{xo, ^Rn))\\£^p(^b(xo -Rn)) bounded independently 
on n and hence 

ll^^nllLp(B(xo,|ijiv)) - ^2(p) for any n e N* and xq G R^. 

Using this estimate for p = 2N together with the Morrey inequality (j3.27p . we see that there 
exists C=K > such that for any x,y £ R^ with |x — y| < and any n E N* we have 

(3.59) \vn{x) - Vn{y)\ < C^\x - . 
Let 6n = II \vn — ro\ — ?^o| |l°°(r'V) and choose x„ G R^ such that | \vn{xn) — ro\ — ro\ > 

4 

2^ 



From (j3.59p it follows that | \vn{x) — ro| — tqI > %- for any x £ B{xn, rn), where 



mm 



Rn ( Sn 



2 ' V 4C, 



Then we have 



(3.60) 



{ip^{\rQ-Vn{y)\) -rlf dy> I {'^'^ iVo - Vn{y)\) - rlf dy 

B(Xn,l) JB{x„,rn) 



> 



7?(%) dy = £^(i?(0,l)7/(%)r^, 

B{xn,r„) 



where rj is as in (|3.30p . 

On the other hand, the function z i — > ((/?^(|ro — z\) — rg) is Lipschitz on C. Using this 
fact, the Cauchy-Schwarz inequality, (13. 2p and assumption (a) we get 



B{x,l) 



{ip^{\ro - Vn{y)\) - rlf - ((^2(|ro - u„(y)|) - rlf 



dy 



_2_ 
II UN 



<C \Vn{y) - Un{y)\ dy <C \ \Vn- UnWl^fBix,!)) < C \ \Vn - UnWLHR^) <Ch 

Jb{x,1) 

Then using assumption (b) we infer that 

(3.61) sup / {ip^{\ro-Vn{y)\) -r^)"^ dy — >0 as n — > oo. 

xeRN Jb{x,i) 
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From (j3.60p and (jS.Gip we get lim rj (%-) = and this clearly implies lim 5n = 0. 

n— >oo \ ^ ' n— >oo 

Lemma 13.21 is thus proved. □ 

The next result is based on Lemma 13.11 and will be very useful in the next sections to 
prove the "concentration" of minimizing sequences. For < i?i < i?2 we denote ^Ir^^R2 = 
B{0,R2)\B{0,Ri). 

Lemma 3.3 Let A > A3 > A2 > 1- There exist sq = £Q{a,rQ, N, A, A2, A3) > and 
Ci = Ci{a,ro, N, A, A2, A3) > such that for any R > 1, e £ (0, eo) <ind u £ X verifying 
-^GL^'^(^) — ^' ^^^^^ exist two functions ui, U2 £ X and G [0, 27r) satisfying the following 
properties: 

i) supp(ui) C 5(0, A2R) and tq - ui = e~*^"(ro - u) on 5(0, R), 

a) U2 = u on \ 5(0, AR) and r^ — U2 = roe*^° = constant on 5(0, A3R), 



Hi) 
iv) 





du 


2 


dui 


2 


du2 


2 




dxj 




dxj 




dxj 





{^\\ro -u\)- rl)' - {^\\ro - u,\) - r^)' - {^\\ro - n^l) - rg) 



dx<Cieforj = l,...,N, 



2\2 



„2n2 



dx < C2£, 



v) \Qiu)-Qiui)-Qiu2)\<C3e, 

vi) If assumptions (Al) and (A 2) in the introduction hold, then 



2*-l 



V{\ro - u\') - V{\ro - ui\') - V{\ro - U2n dx < C^e + Cj^/F {Egl{u)) — 



Proof Fix k> 0, Al and A4 such that I + 4k < Ai < A2 < A3 < A4 < A - 4k. Let h = I 



10 
2 • 



We will prove that Lemma 13.31 holds for eq = K{a,rQ, N,h = 1,5 



ro 

2 ' 



k), where 



and 5 

K{a, rQ,N, h, 6, R) is as in Lemma |3. II (iv). 

Consider r/i,ry2 € C°°(R) satisfying the following properties: 

?7i = 1 on (— 00, Al], r/i = on [^2,00), rji is nonincreasing, 
T/2 = on (—00,^3], r/2 = 1 on [^4,00), r]2 is nondecreasing. 

Let £ < Eq and let u G X be such that E^'^'^^{u) < e. Let vi be a minimizer of Giq^^ 

in the space {{^{Qr^ar)- The existence of vi is guaranteed by Lemma [3.1[ We also know 

that -ui G W^^^{Qr^ar) for a 
Lemma 13.11 (iv) implies that 

(3.62) ^ < \ro - vi{x)\ < ^ if R + 4k < \x\ < AR - 4k. 



that vi G W^^^{Qr^ar) for any p G [l,oo). Moreover, since £'^2"*^(n) < K{a,ro, N,l, ^,k) 



Since > 3, ^AxR,AaR is simply connected and it follows directly from Theorem 3 p. 38 in [9] 
that there exist two real-valued functions p, 6 £ W^'^{QaiR,A4r)i 1 < P < 00, such that 



(3.63) ro-fi(x) =/>(x)e^^(^) 

For J = 1, . . . , we have 



dvi 



dp 



de 



(3.84) ^=[-^-^p^]e 



dxj 



dxj 



and 



dx^ 



on i^AiR,A4R- 
dp 2 



dxj 



+P 



de 



dxi 



a.e. on ^AiR,AaR- 



Thus we get the following estimates: 
(3.65) 



/ \yp?dx< j 



\Vvi\^dx < £, 
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(3.66) 



GL 



{vi) < e, 



(3.67) 



\ve\'^dx < 



'^AiR,A4^R ^0 Jf^AiR, A^R 

The Poincare inequality and a scaling argument imply that 



(3.68) 



/ \f -m{f,nA,R,A,R)\^dx<C{N,Ai,A4)R^ [ \Vf\^dx 

''^AiR,A^R ''^AiR.,A^R. 



for any / € //""^(r^AiR, A4_r), where C(A^, ^i, ^4) does not depend on i?. Let 6*0 = m{9,^lAlR,A4R)■ 
'We may assume that ^0 G [Oj^vr) (otherwise we replace 6 hy — 2it [^])- Using (j3.67p and 
we get 

(3.69) 

f \e-eo\'^dx<Ciro,N,Ai,A^)R^ f \Vvi\'^ dx < C{ro, N, Ai, A4^)R^e. 

JflA,fl A.R J^A^R,A4R 



'^A^R, Aj^R 

We define ui and U2 by 



(3.70) 



ro - ui{x) = < 



ro - u(x) ifxG5(0,i?), 

ro-vi{x) if X e B{0,AiR)\B{0,R), 

-o + .i(^)(/.(x)-ro))e<^°+-(-)(^(^^-^°)) 

if X G B{0, A4R) \ B{0, AiR), 
roe^^o if X eR^ \B{0,AiR), 



(3.71) 



ro - U2ix) = < 



-o + .2(^)(p(x)-ro))e^i^°^-(-^(^(^^-^°)i 



roe'^^o if a; e B{0,AiR) 

x\ 
R 

a x e B{0,A4R)\B{0,AiR), 
ro-vi{x) if X £ B{0,AR)\B{0,A4R), 
ro-u{x) a X eK'^ \B{0,AR), 



then we define ui in such a way that ro — ui = e~*^''(ro — ^1). Since u & X and u — vi ^ 
Hq{^r^ar), it is clear that ui S -fr^(R^), n2 S and (i), (ii) hold. 
Since p + ro > |ro on ^AiR,A4R, from (13.660 we get 



(3.72) 



< 



Obviously, V (ro+Vi{TT)ipi^) " ^o)j = " ^0)^ + ??i(f )V/9 and using ([MS]), 

([3:72]) and the fact that > 1 we get 

l|v(ro + ^.(M)(p(x)-ro))||^.(o,^,,,^,) 

<^sup\7]'^\- \ \p-ro\\L^nA,R,A4R) + ll^^(y)^^lli^(f^Aifl,A4«) ^ ^v^- 
Similarly, using (13.670 and (I3.69|) we find 



(3.73) 



(3.74) 



l|v(0o + r?.(M)(^(x)-0o))||L^(n.,.,,,.) 

< isup|r?^| .\\9- 0o||L^(n.,,,,,,) + ll^.(^)V^L.(o,,,,,^,) < CV^. 
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From (j3.73p . (j3.74p and the definition of ui, U2 it follows that 1 1 Vui| |/,2(q^^^ < C^/e, 
i = 1,2. Therefore 



dx 



j 




du 


2 


dui 


2 


du2 


2 


dx = 




du 


2 


dui 


2 


du2 


2 






dxj 




dxj 




dxj 








dxj 




dxj 




dxj 







du 


2 


dvi 






du 


2 


dui 


2 


du2 




dxj 


+ 


dx + 


/ 


dxj 


+ 


+ 


dxj 




dxj 


'^AiR,A4^R 


dxj 



dx < CiE 



and (iii) is proved. On 9.A^R,AiR we have p G hence (ro + ??i(^)(/o(x) - tq) 

'^o + 'ni{^:){p{x) - ro) and 



(3.75) 



V(;r,+ mi^4){p{x) - ro)) - rif= {p - ro)'ilH^4) (2^0+ mi^Xp - ro))' 



< (|ro)'(/>-ro)2 



From ([370]) - (13:72]) and (|375]) it follows that Hy^^^i^^^ _ ^. 
above, we get 



<^l\\LHn^^u,A,R) ^ As 



{^\\ro -u\)- rlf - {^H\ro - u,\) - r^f - {^H\ro - U2\) - r^)^ 



< 



((^^(Iro - u\) - r'^f + ((/J^(|ro - vi\) - r^Y dx 



2\2 



+ 



^R,AiRU^A4^R,AR 

I (^2(1^^ _ _ ^2)2 ^ ^^2(1^^ _ ^^1) _ ^2)2 ^ ^^2(1^^ _ ^^|) _ ^2)2 ^ 

This proves (iv). 

Next we prove (v). Since (z2^,ni) has compact support, a simple computation gives 



(3.76) Q(ni) =L((i;p,ni)) =L((ie-*^«|^,ro-e-^^Oro + e-^^Oni)) 



.dui 

dxi 



dxi 



{i^^,ui)dx. 
Riv dxi 



From the definition of ui and U2 and the fact that n = on \ 0,r^ar we get {i§p^,vi) 



- {i^,U2) = a.e. on \ ^A^R,AiR- Using this identity. Definition [231 (13776]) . 
then ([23]) and (I^TUD . (IHTT]) we obtain 



Q(t^i) - Q(ni) - Q(7X2) 

-j 



dvi dui , 5^/2 V , 

^A,R,A,R 9X1 dXl 



dvi dui du2 , , 
[i— — — — , ro) ax 



^AiR, A^R 



r 2 2,99 
{P -ro)g^^dx 



(3.77) 



+ 



^A,R,A,R 9X1 dXl dXl 

E + ^.(^)(P - ro)) rij A (^0^ + ^^(M)(e _ 0,)) dx 



^AiR, A^R 



j 



^AiR, A^R 



».2 

^0 
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The functions vi - ui - and 6* = 9 - Y.l=i (^o + - ^o)) belong to C^{^r,ar) 

and vi — ui — U2 = ro(e*^° — 1) = const., 6* = —9q = const, on ^^r^ar \ ^AiR,A4R- Therefore 



(3.78) 



d 

— (^1 -ui- M2),ro) dx = 



and 



^A^R, A^R 



do* 



dx = 0. 



Using (j3.66p . (|3.67p and the Cauchy-Schwarz inequaUty we have 



(3.79) 



< Ce. 



'^A^R,A^R 

Similarly, from (j3.72p . (j3.74p . (j3.75p and the Cauchy-Schwarz inequality we get 



(3.80) 



^ '\ + mi}^){e-e,)]dx 



< Ce. 



From daZTD-dMQ]) we obtain \Q{vi) - Q{ui) - Qiu2)\ < Ce and dM]) gives \Q{u) - Q(ui)| < 
C E^^^^ {u) < Ce. These estimates clearly imply (v). 

It remains to prove (vi). Assume that (Al) and (A2) are satisfied and let W be as in the 
introduction. Using (|1.5p and (11. 7[) . then Holder's inequality we obtain 



V{\ro-u\^)-V{\ro-vi\^) 



dx 



< 



< C 



(3.81) 



+C 



Viip^i\ro-u\))-ViipWro-vi\)) + Wi\ro-u\^)-Wi\ro-vi\^) 
{ifWro - u\) - rl)^ + {ifWro - vi\) - rg)^ dx 

AR 

/ \ro - u\ - \ro - vi\ (|ro - 'up^'o+H{|,,„_„|>2,.o} 

JQr AR 



dx 



<C'e + C'l \u-Vi\{\rQ-uf "^l{|ro-n|>2ro} + ko-I'lP* ^'^{\ro-vi\>2ro})dx 
<^^R, AR 



< C'e + C'\\u-vi\\L2^^^^^^) {\\ \ro - u\l{\rQ-u 

+ 1 1 |ro - ^1 |l{|ro-^i|>2ro}l li2^(Q^_ J ■ 

From the Sobolev embedding we have 



||2*-1 
I>2MIIl2*(Q«,^«) 



(3.82) 



< C5(||Vn||^.(f,^^^,) + \\Vv,\\L2^nn^^R)) < 2^5^^. 
It is clear that |ro — u\ > 2ro implies \u\ > vq and |ro — u| < 2\u\, hence 



(3.83) 



II ko - u\l{\rQ-u\>2ro}\\L2* {nn, ar) 

< 2||n||^2.(R^) < 2C5||Vn||i2(RiV) < 2Cs {EcLin))'^ • 
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Obviously, a similar estimate holds for vi. Combining (j3.8ip . (|3.82p and (j3.83p we find 



(3.84) 



V{\ro - u\^) - y(|ro - vi\^) dx < C'e + C"^e {Egl{u))— ■ 



From (|3:70]) and (|3TT]) it follows that V{\ro - uip) - V{\ro - ui\^) - V{\ro - U2\^) = on 
R-^ \ ^AiR,A4R and |ro - vi\, |ro - |ro - U2I G ^] on ^AiR,A4R- Then using ([LS]), 
(IHTHHl) . (I3T51) and (l3:72|) we get 



(3.85) 



\V{\ro-vi\^)\dx<C 



(p^ — rg)^ < Ce, respectively 



AiR, A^R 



(3.86) 
Therefore 

(3.87) 



^AiR, A^R 



V{\ro-u^\^)\dx<Cl (fro + 7],{^-^){p-ro)Y-ri) dx<Ce. 

^AiR,A4rV ^ / 



V{\ro - vil'') - V{\ro - ui\^) - V{\ro - U2\^) 



dx 



< I \V{\ro - vif)\ + \V{\ro - ui\^)\ + \V{\ro - n2p)| dx < Ce. 

'^AiR, A^R 



Then (iv) follows from (j3.84p and (j3.87p and Lemma 13.31 is proved. 



□ 



4 Variational formulation 

We assume throughout that assumptions (Al) and (A2) in the introduction are satisfied. We 
introduce the following functionals: 



EJu) 



Aiu) 



Bc{u) 



Pc{u) 



\Vu\^ dx + cQ{u) + V{\ro-u\'')dx, 



OU 2 

Riv ^ I dxj 



dx, 



N-3 



du 



dxi 



dx + cQ{u)+ I V{\rQ - u\^)dx, 



It is clear that Ec{u) = A{u) + Bc{u) = j^A{u) + Pc{u). Let 

C = {u£X \ 0,Pciu) = 0}. 

The aim of this section is to study the properties of the above functionals. In particular, 
we will prove that C ^ and inf{£'c('u) \ u £ C} > 0. This will be done in a sequence of 
lemmas. In the next sections we show that Ec admits a minimizer in C and this minimizer is 
a solution of (|1.3p . 

We begin by proving that the above functionals are well-defined on X. Since we have 
already seen in section 2 that Q is well-defined on X, all we have to do is to prove that 
y(|ro — up) G L^(R.^) for any n G A". This will be done in the next lemma. 
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Lemma 4.1 For any u & X we have V{\rQ — up) G L-^(R^). Moreover, for any 5 > there 
exist Ci((5), C2{5) > such that for any u £ X we have 

(1 - 6)a^ {ip\\ro - u\) - r^f dx - C,{6)\M'^2^n^^ 

(4.1) < / V{\ro-u\'^)dx 

JRN 



|2* 

Il2{R^)- 



<(l + 5)a2 [ {^\\ro - u\) - r^of dx + C2m\^u 

Proof. Fix 5 > 0. Using ()1.4p we see that there exists /? = (3{5) G (0, tq] such that 

(4.2) (1 - 6)a\s - r^f < Vis) < (1 + 6)a\s - r^f for any s G ((ro - Pf, (ro + /3)2). 

Let ue X. If |ti(x)| < /3 we have |ro - n(x)p G ((ro - /3)^, (ro + /3)^) and it follows from ([O 
that y(|ro - up)l||„|<^| G Li(R^) and 

(1 - S)a^ [ {^^{\ro - u\) - rif dx < [ Vi\ro - u\') dx 

J{\u\<l3} J{\u\<l3} 

(4.3) 

<{l + d)a^ [ {^\\ro-u\)-riy dx. 
J{\u\<l3} 

Assumption (A2) implies that there exists C[{6) > such that 

|y(|ro -z\')-{l- S)a\^\\ro - z\) - r^f] < C[{5)\z\'^'>+' < C'^mzf 
for any z £ C satisfying \z\ > /?. Using the Sobolev embedding we obtain 

|y(|ro - up) - (1 - 6)aHfH\ro - u\) - r^fl dx 



(4.4) 



{Mm 



<C'{{5) \uf dx<C'{{6) |u|2 dx<Ci((5)||Vu||2 

J{\u\>l3} Jr^ ^ ' 



Consequently y(|ro - iip)l{|«|>/3} G L'^(R'^) and it follows from ([O]) and (|il4|) that the first 
inequality in (j4.ip holds; the proof of the second inequality is similar. □ 

Lemma 4.2 Let 6 G (0,ro) and let u £ X be such that vq — 6 < |ro — n| < ro + 5 a.e. on R'^. 
Then 

Proof. From Lemma |2. II we know that there are two real- valued functions p, 9 such that 
p - ro G H^(R^), e G ^^'^(R^) and ro - u = pe''^ a.e. on R^. Moreover, from ([O]) and 
Definition 12.41 we infer that 

Q{u) = - [ {p"- rl)e^, dx. 
Using the Cauchy-Schwarz inequality we obtain 

2a(ro - 5)\Q{u)\ < 2a(ro - 5)1 l^xi I |l2(r^)I - r^WL^R^) 

<{ro-Sf [ %,\^dx + a^ f {p'-rlfdx 
Jrn J^n 

< [ p^\V9f + a^p^-r^fdx<EGL{u). □ 
Jr^ 
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Lemma 4.3 Assume that < c < Vg and let e £ (0, 1 — —). There exists a constant Ki 
Ki {F, N, c,e)>0 such that for any u £ X satisfying Eqi (n) < Ki we have 



\Vu\^ dx + / V{\ro - tip) dx - c\Q{u)\ > £Egl{u). 

Proof. Fix El such that e < £i < 1 — ^. Then fix 5i G (0, ei — e). By Lemma WA\ there 
exists Ci((5i) > such that for any u £ X we have 

(4.5) / V{\ro-u\^)dx>{l-5i)a'f [ip^ro - u\) - rlf dx - Ci{5i) {Egl{u))'-^ . 



Using (j3.4p we see that there exists A > such that for any w £ X with Egi{w) < 1, for 

w 

h,R^ 



any h G (0, 1] and for any minimizer Vh of Gf-nj^, in //^(R^) we have 



(4.6) |Q(w;) - Q{vh)\ < AhNEcdw). 

2 

Choose h G (0, 1] such that £i — 6i — cAhT^ > e (this choice is possible because ei — (^i — e > 0). 
Then fix (5 > such that 2a{rQ-S) < 1 ~ (such 5 exist because £i<l — ^ = 1— 2^)- 
Let K = K{a, tq, A^, h, 6, 1) be as in Lemma |3. II (iv). 

Consider u £ X such that Egl{u) < min(i(', 1). Let Vh be a minimizer of C^j^at in 
H^CR^). The existence of f/^ follows from Lemma 13.11 (i). By Lemma 13.11 (iv) we have 
rQ — 6 < \ro — Vfi\ < ro + 6 a.e. on and then Lemma 14.21 implies 

(4.7) c\Qivh)\ < ^^^i^^^^GLivh) < (1 - £i)EGL{vh) < (1 - £i)Egl{u). 
We have: 

\Vu\'^dx+ I V{\ro-u\'^)dx-c\Q{u)\ 

RN JrN 



> (1 - 6i)Egl{u) - Ci{6i) {Egl{u))- - c\Q{u)\ by (gS]) 
^^■^^ > (1 - 5i)Egl{u) - Ci{5i) {EgUu))'-^ - c\Q{u) - Q{vh)\ - c\Q{vh)\ 



2* 



> (1 - 5i)Egl{u) - Ci{5i) {Egl{u))- - cAhN Egl{u) - (1 - £i)Egl{u) 

by dM]) and (gTD 

ei-5i- cAh^ - Ci{6i) {EGL{u)f-^~') Egl{u). 



Note that ()4.8p holds for any_^n G X with Egl{u)^ min(i^, 1). Since ei — 6i — cAhN > e, it 
is obvious that £i — 5i — cAhTi — Ci{5i) {Egl{u))~ ^ > e if Egl{u) is sufficiently small and 
the conclusion of Lemma 14.31 follows. □ 



An obvious consequence of Lemma 14.31 is that Edu) > Q \i u £ X \ {0} and Egl{u) is 
sufficiently small. An easy corollary of the next lemma is that there are functions v £ X such 
that Ec{v) < 0. 

Lemma 4.4 Let N > 2. Let D = {{R,£) G R^ | -R > 0, < e < f }. There exists 
a continuous map from D to H^CR^), {R,£) i — > f^'^ such that v^'^ G Cc(R^) for any 
(R, e) £ D and the following estimates hold: 

i) I |Vz;^'^|2<ix<Cii?^-2 + C2i?^-2ln-, 
JRN e 
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/ v{\ro-v^''f)dx 

li) [ {^Wro-v'^'^D-r',)' dx 



iv) -27rrgwAr_ii?^-i < Q{v^^^) < -2nrluj n -i{R - 2e)^ , 
where the constants Ci — C4 depend only on N and lvn-i = C^^^{B-^n-i{^, 1)). 



Proof. Let A > and 



Ta,r = {x € I < \x'\ <R, - 



A{R-\x'\) 
R 



<Xi< 



AiR-\x'\) 
R 



}■ 



We define 6*^'^ : R-^ — > R in the following way: if \x'\ > R we put 9^'^{x) = and if 
\x'\ < Rwe define 



(4.9) 







R 



A{R- \ x' \ ) ^i + TT if X G Ta,R, 



27r if xi > 



MR-W\) 

R 



It is easy to see that x 1 — > g»^^'^(a;) continuous on R^ \ {x | a;i = 0, |a;'| = i?} and equals 1 

on R^ \ Ta,r. 

Let V e C~(R) be such that V' = on (-00, 1], '0 = 1 on [2, 00) and < V'' < 2. Let 
(4.10) ^pR'^x)=i;{^^xj + {\x'\-Ry) and wa,rA^) = - ^''''{x)e'^^'''^'^^) ■ 

It is obvious that WA,R,e G Cc(R^). In fact, WA,R,e is C°° on R^ \ B, where B = {BTa^r U 
{(xi, 0, . . . , 0) I XI G [-A, A]}). On R^ \ S we have 



(4.11) 
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dxi I otherwise , dxj 



■kRX\ Xj \f ry CZ 1~' 

A{R-\x'\y^ \x'\ X t 1A,R, 

otherwise, 



(4.12) 



^ ^ 1 ,/ ( Vxi + {\x'\-Ry \ X, 
dxi £^ I s ) V^^ + (|x'|-i?)2' 



f4 13) ^fx) - ( V^I + ISZl! ] I^V^ 



for j > 2. 



Then a simple computation gives {i^^^^^,WA,R,e) = -ro{'^^'^f^^ + ro-£^ sm{e^'^)) 
on R-^ \ B. Thus we have 



It is obvious that 

'•00 09^'^ 



(4.14) / 

J — ( 



Q{wA,R,e) = [ i^l^''- 



dxi = if Ix'l > R and 



'Y— dx. 

0x1 



00 QQAfi 



-00 dxi 7_oo 9x1 

Since > a.e. on R^ and < V^'^ < 1, we get 



■<ixi = 27r ifO<|x'|<i?. 



^dx<[ (^«'f^dxi< 

\>2e} OXi J^N dxi 



r 89^'^ 

JuN dxi 



dxi, 
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and using Fubini's theorem and (j4.14p we obtain that WA,R,e satisfies (iv). 

Using cylindrical coordinates {xi,rX) in R^, where r = \x'\ and C = ifTT £ 5"^"^, we get 



(4.15) / V{\ro-WA,R,e\^)dx = \S^-^\ / 

JR^ J-oo Jo 



\x'\ 



'-00 Jo 

Next we use polar coordinates in the (xi,r) plane, that is we write xi = rcosa, r = i? + rsina 
(thus r = s/xj + {R- r)2). Since V {rQip'^ {s)) = for s > 2, we get 
(4.16) 



OO fOO 



-oo JO 



2e 1-2-K 



r dr dxi 



V yr^i)' 

V{rli>'^{s)){R + es sina)^-^ da s ds. 




JO 



V {r^i^^^)) (R + T sin a)'^-^ da TdT 



It is obvious that 



/ (i? + essinQ )^~^da\ < 27r(i? + 2e)^~^ for any s £ [0, 2], and then using 
Jo 

(|4.15p and ()4.16p we infer that WA,R,e satisfies (ii). The proof of (iii) is similar. 
It is clear that on \ B we have 

(4.17) \VwA,R,s\ = ro'lV^^'l^ + roV^'l^lVe^'^p. 



From (|4T2]) and KTSh we see that |VV''^'^( 



R,e/^\\2 _ 1 



, f ^xi+{\x'\-Ry 



Proceeding as 



above and using cylindrical coordinates (xi,r, C) in R^, then passing to polar coordinates 
xi = T cos a, r = R + T sin a, we obtain 



(4.18) 



I ^xi + {\x'\-RY 



dx<2Ti\S^-'^\e^{R + 2ey^~'' / s\i>' {s)\' ds . 



N~2 



It is easily seen from gH]) that \Ve^'^{x)\^ = ^.(^"fj^,,), (l + jr^^) if x G Ta,r, \x'\ + 
0, and Vd^^^(x) = a.e. on R^ \ Ta,/?- Moreover, if (xi,x') G Ta,r and > i? — ^ 
we have '0^'^(xi,x') = 0. Therefore 



{|x'|<_R- 



(4.19) 



27r2i? 27r2 A 1 , , 
+ — — — — dx' 



{\x'\<R- „} 3 RR-\x' 



2 I R 3 A \ „jv-2i / ' v^a2+^ r 



N-2 



R-r 



dr 



+ In 



+ i?2 
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Now it suffices to take u^'^ = wr^r^s- From (|iT7l) . (|i38]) and (fiJ9]) it follows that f^'^ 
satisfies (i). It is not hard to see that the mapping {R,£) > — > v^'^ is continuous from D to 
H^(RJ^) and Lemma 14.41 is proved. □ 

Lemma 4.5 For any k > 0, the functional Q is bounded on the set 

{ueX\ Egl{u) < k}. 

Proof. Let c E (0, Vg) and let e G (0, 1 — From Lemmas 14.11 and I^THl it follows that there 
exist two positive constants C2(|) and Ki such that for any u ^ X satisfying Egl{u) < Ki 
we have 

(1 + '^)Egl{u) + C2(|) {Egl{u))'^ - c\Q{u)\ 

>[ \Vu\'^dx+ I V{\rQ-u\'^)dx-c\Q{u)\>eEGL{u). 

This inequality implies that there exists K2 < Ki such that for any u G X satisfying Egl{u) < 
K2 we have 

(4.20) c\Q{u)\ < Egl{u). 

Hence Lemma 14.51 is proved if A; < K2 ■ 

Now let u £ X be such that Egl{u) > K2- Using the notation (jl.lOp . it is clear that for 
(T > we have Q{u^,a) = cr^'^^Qiu) (see (IXTO and 

EglM = (t""-' [ \Vu\^ dx + a^a^ / {^\\r, - u\) - rlf dx. 

Let (To = ( EoLiu) ) • ^^^"^ ^0 G (0,1) and we have EGL{u^o,<ro) < (^q~'^Egl{u) = 
K2. Using (j4.20p we infer that c\Q{uaQ,ao)\ < Egl{ucfo,uo), and this implies caQ~^\Q{u)\ < 
a^'"^ Egl{u)^ or equivalently 

(4.21) \Q{u)\ < —Egl{u) = -K~^' {Egl{u))^^ . 

C0"o c 

Since ()4.2ip holds for any u £ X with Egl{u) > K2, Lemma 14.51 is proved. □ 

From Lemma [4. 11 and Lemma [4. 5 1 it follows that for any k > 0, the functional E^ is bounded 
on the set {u G ^ | Egl{u) = k}. For A; > we define 

Ec,min{k) = m.i{Ec{u) \ u£ X, Egl{u) = k}. 

Clearly, the function Ec^min is bounded on any bounded interval in R. The next result will be 
important for our variational argument. 

Lemma 4.6 Assume that N > 3 and < c < Vs- The function Ec^min has the following 
properties: 

i) There exists k^ > such that Ec^minik) > for any k G (0,A:o). 

ii) We have lim Ec^minik) = —00. 

Hi) For any k > we have Ec^minik) < k. 
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Proof, (i) is an easy consequence of Lemma 14.31 

(ii) It is obvious that H^CR^) C X and the functionals Egl, Ec and Q are continuous 
on H^CR^). For e = 1 and R > 2, consider the functions v^'^ constructed in Lemma 14.41 
Clearly, R i — > v^'^ is a continuous curve in H^(R^). Lemma 14.41 implies Ec{v^'^) — > -co 
as R — > oo. From Lemma 14.51 we infer that Egl{v^'^) — > oo as i? — > oo and then it is not 
hard to see that (ii) holds. 

(iii) Fix /c > 0. Let v^'^ be as above and let u = v^'^ for some R sufficiently large, so that 

Egl{u) > k, Q{u) < and Ec{u) < 0. 

Li particular, we have 

E,iu) - Egl{u) = cQ{u) + / y(|ro - u\'') - {ifWr^ - u\'') - rlf dx < 0. 

It is obvious that EGL{ucT,a) — as o" — > 0, hence there exists ctq S (0,1) such that 
EGL{uao,ao) = k. We have 

Ec{ ) - EGL{u^o,ao) 

= a^-'cQ{u) + / V{\ro - uf) - {^\\ro - u\^) - rg)' dx 
= {a^-' - a^)cQ{u) + {E,{u) - Egl{u)) < 0. 

Thus Eciuao,ao) < ^^GL (^i(To,<To ) • Siucc EGL{uao,ao) = k, we have necessarily Ec,rnin{k) < 

Ec{Uao,ao) <k. □ 

From Lemma 14.61 (i) and (ii) it follows that 
(4.22) 0<S,:= snp{E,,min{k) | A; > 0} < oo. 

Lemma 4.7 The set C = {u£X\u^O, Pc{u) = 0} is not empty and we have 

Tc := mi{Ec{u) \ u e C} > > 0. 



Proof. Let u £ X \ {0} be such that Ec{w) < (we have seen in the proof of Lemma 

f flm 2 

T6]that such functions exist). It is obvious that A{w) > and 





dw 


/ 


dxi 



dx > 0; therefore 



Bc{w) = Ec{w) - A{w) < and Pc{w) = Ec{w) - t^A{w) < 0. Clearly, 

1 f duo ^ 3 f 

(4.23) P^{w„ ^) = - dx + —^aA{w)+cQ{w)+a V{\rQ - w\'^) dx. 

a J^N dxi N -I J^3 

Since Pc(^^i,i) = Pc{w) < and limPc(u;o-_i) = oo, there exists fio G (0)1) such that 

Pc{waQ,i) = 0, that is Wao^i G C. Thus C 7^ 0. 

To prove the second part of Lemma 14.71 consider first the case > 4. Let u £ C. It 
is clear that A{u) > 0, Bc{u) = —j^^A{u) < and for any o" > we have Ec{ui^a) = 
A{ui^„) + Bc{ui^a) = a^"^A{u) + (t^'^B^{u) , hence 

^{E,{ui,„)) = {N- 3)a''-^A{u) + {N - l)a''-^Bc{u) 
da 

is positive on (0, 1) and negative on (1, 00). Consequently the function a 1 — > Ec{ui^cr) achieves 
its maximum at o" = 1. 
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On the other hand, we have 

EGLM = a''-^A{u)+<j''-^ 



du 



dxi 



+ {ip^{\ro-u\)-rlf dx] . 



It is easy to see that the mapping a i — > -E'gl(^i,(t) is strictly increasing and one-to-one from 
(0, oo) to (0, oo). Hence for any A; > 0, there is a unique a{k, u) > such that EGL{ui^a{k,u)) = 
k. Then we have 

Ec,min{k) < -Ec(^il,CT(fc,«)) < Ec{ui^i) = Ec{u). 

Since this is true for any A; > and any u £ C, the conclusion follows. 

Next we consider the case = 3. Let u £ C. We have Pc{u) = Bc{u) = and Ec{u) = 
A{u) > 0. For (T > we get 



Ec{ui^a) = A{u) + cf'^Bc{u) = A{u) and 



EGL{ui,a) = A{u)+a'^ 



du 



dxi 



+ 0^ {ip'^{\ro-u\) -r^f dx) . 



Clearly, a i — > Egl{ui^(t) is increasing on (0, co) and is one-to-one from (0,oo) to {A{u),oo). 

Let e > 0. Let fee > be such that Ec^rninike) > Sc — £■ If A{u) > k^, from Lemma 146) (iii) 
we have 

Ec{u) = A{u) >ke> Ec,min{ke) > Sc - £■ 

If A{u) < ke, there exists a{k^,u) > such that EGL{ui,cj(ke,u)) = ^e- Then we get 

Ec{u) = A{u) = -Ec(ui,^(fe,,«)) > Ec,min{ke) > Sc- £■ 

So far we have proved that for any u G C and any e > we have Ec{u) > Sc — S- The conclusion 
follows letting e — > 0, then taking the infimum for u £ C. □ 

In Lemma 4.7, we do not know whether Tc = Sc- 
Lemma 4.8 Let Tc be as in Lemma\^. 7\ The following assertions hold. 



N-l 



Tc 



i) For any u £ X with Pc{u) < we have A{u) > 
a) Let (n„)„>i C X be a sequence such that (ii'(j^('itn))„>]^ is bounded and lim Pc{un 



/i < 0. Then liminf^(u„) > 



Proof, i) Since Pc{u) < 0, it is clear that u ^ and / — — dx > 0. As in the proof 

Jrn dxi 

of Lemma 14.71 we have Pc{ui^i) = Pc{u) < and (j4.23p implies that lim -Pc(^o-,i) = oo, hence 
there exists uo G (0,1) such that Pc(^o-o,i) = 0. From Lemma [^771 we get £'c(uo-o,i) > Tc and 
this implies Ec{uao,i) - Pc{uao,i) > Tc, that is ^(wcto,!) — "Ec. From the last inequality we 
find 



(4.24) 



, iV- 1 1 _ N -l^ 
A{u) > — Tc > -^Tc. 



j 


dUn 




dxi 



dx > 0. 



ii) For n sufficiently large (so that Pc{un) < 0) we have u„ ^ and 

As in the proof of part (i), using (j4.23p we see that for each n sufficiently big there exists 
cj„ G (0, 1) such that 



(4.25) 
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and we infer that A{un) > 2 o- 
(4.26) 



^ Tc. We claim that 

hmsup an < ^■ 



Notice that if (f^TM holds, we have liminfyl(n„) > ^ Tc > and Lemma 

2] is proved. 

To prove (j4.26|) we argue by contradition and assume that there is a subsequence ((T„;,)fc>i 
such that c7„^ — > 1 as fc — > 00. Since {EGL{un))n>i bounded, using Lemmas 14.11 and 14.51 



we infer that 



dUn 1 2 



9xi 



, / V {\rQ - Un\ ) dx ] , (^(u„))„>i, and (Q(n„))„>i 
/n>i VJr~ /„>i 
are bounded. Consequently there is a subsequence (nfc^)^>i and there are ai, a2> /5i 7 ^= R- 
such that 

dx — >ai, / V {\rQ - Un^X) dx — >7 







/ 

/r~ 


dxi 



"2, 



/? as £ — > 00. 



Writing (j4.25p and (|4.23p (with {un,.^)an^ ,1 instead of (nn)o-„,i and ifo-.i, respectively) then 
passing to the limit as ^ — > 00 and using the fact that an,. — > 1 we find ai + ^rf ck2 + C/3+7 = 
0. On the other hand we have lim Pc{un^. ) = /x < and this gives ai + ^5f Q^2+c/3+7 = fi < 0. 
This contradiction proves that (j4.26p holds and the proof of Lemma 14.81 is complete. □ 



5 The case TV > 4 

Throughout this section we assume that > 4, < c < and the assumptions (Al) and 
(A2) are satisfied. Most of the results below do not hold for c > Vg- Some of them may not 
hold for c = and some particular nonlinearities F. 

Lemma 5.1 Let (n„)„>i C X be a sequence such that {Ec{un))n>i is bounded and Pc{un) — > 
as n — > 00. 

Then {EGL{un))n>i is bounded. 

Proof. We have j^A{un) = Ec{un) — Pc{un), hence {A{un))n>i is bounded. It remains 



to prove that 





dUn 


/ 


dxi 



+ (c/?^(|ro — tin I) — ?"o)^ bounded. We argue by contradiction 



and we assume that there is a subsequence, still denoted (n„)„>i, such that 



(5.1) 





dUn 


/ 


dxi 



+ {^'^{\ro - Un\) - Tq)^ dx — > 00 



as n — > 00. 



Fix ko > such that £'c,mm(^o) > 0. Arguing as in the proof of Lemma 14.71 it is easy to see 
that there exists a sequence {an)n>i such that 

(5.2) EGL{{un)i,aJ = a^-^Aiun) + a^"^ / +a^ {^\\ro - n„|) - rg)' dx = ko- 

JuN dxi 



From (j5.ip and (j5.2p we have an — > as n — > 00. Since Bc{un) = —^-^A{un) + Pc{un)-, it 
is clear that {B(.{un))n>i is bounded and we obtain 

Ec{{un)i,cT„) = crn~''^A{un) + cr^'^5c(u„) — > as n — > oo. 

But this contradicts the fact that Ec^miniko) > and Lemma |5. II is proved. □ 
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Lemma 5.2 Let (n„)„>i C X be a sequence satisfying the following properties: 

a) There exist Ci, C2 > such that Ci < EcLiun) and A{un) < C2 for any n > 1. 

b) Pciun) — > as n — > 00. 

Then lim mi Ec{un) > Tc, where T^ is as in Lemma\4-7\ 



Note that in Lemma [5.21 the assumption EcLiun) > Ci > is necessary. To see this, 
consider a sequence (un)n>i C -ff^(R^) such that / and Un — > as n — > 00. It is clear 
that Pc{un) — > and Ec{un) — > as n — > 00. 

Proof. First we prove that 

(5.3) C3 := hminf > 0. 

n— »oo 

To see this, fix fcg > such that Ei^^niniko 

) > 0. Exactly as in the proof of Lemma 14.71 
it is easy to see that for each n there exists a unique (T„ > such that (|5.2p holds. Since 
fco = EGL{{un)i,a^) > min(a^-3 , a^"! (K)) > min(a^-3,a^-i)Ci, it follows that 
(cn)n>i is bounded. On the other hand, we have ^c((un)i,a„) = a^,-^A{un) + a^-^Bc{un) > 
Ec,min{ko) > 0, that is 

(5.4) a^-^A{un) + a^-^ (^PM - ^^^(«n)) > E.^^Uko) > 0. 

If there is a subsequence {un,.)k>i such that A{un,,) — > 0, putting Un^. in (|5.4p and letting 
k — > 00 we would get > Ec^rnin{ko) > 0, a contradiction. Thus (j5.3p is proved. 
We have Bc{un) = Pc{un) — ^E^A{un) and using (b) and (15. 3p we obtain 

iV - 3 

(5.5) limsup5c(M„) < -— — -C3<0. 

n— >oo J- 

Clearly, for any cr > we have 

Pc{{nn)l,a) = a^'-^^^AiUn) + a^^-'B^iUn) = ^^-3 (J^A{Un) + <J^B,{Ur,) 

For n sufficiently big (so that Bdun) < 0), let dn = i 1 . Then Pc{{un)i,a„) = 0, 

or equivalently (iin)i,CT„ G C. From Lemma [4.71 we obtain Ec{{un)i,a„) = ^n~'^%E^^i'^n) + 
d^~'^Bc{un) > Tc, that is 

(5.6) Eciun) + - 1) A(7xO + {a^-' - 1) (PcK) - > 



1 



Clearly, o"„ can be written as o"„ = ( 

+ 1)' and using (b) and (jS.Sp it follows that 



-i?c(Mn) 

lim = 1. Then passing to the limit as n — > 00 in (j5.6p and using the fact that {A{un))n>i 

n—*oo ~ 

and {Pciun))n>i are bounded, we obtain lim inf E'c(un) > Tc. □ 

n— >oo 

We can now state the main result of this section. 
Theorem 5.3 Let (u„)„>i C ^ \ {0} be a sequence such that 

Pc{un) — ^ and Ec{un) — > Tc as n — > 00. 
There exist a subsequence {un^)k>i; 0, sequence {xk)k>i C and u ^ C such that 
Vunki- + Xk) — >Vu and v?^(|ro - Un^^ (• + Xfc)|) - Tq — > ip"^ {\ro - u\) - r^ in L^(R^). 
Moreover, we have Ec{u) = Tc, that is u minimizes Ec in C. 
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Proof. From Lemma [5.11 we know that Eci{un) is bounded. We have -jq—^A{un) = 
Ec{un) ~ Pc{un) — > n — > cxD. Therefore 

N -I N - 1 

(5.7) hm A{un) = — - — Tc and liminf EcLiun) > hm A(n„) = — - — Tc. 

n^oo 2 n— »oo n— >oo 2 

Passing to a subsequence if necessary, we may assume that there exists oq > ^-^Tc such that 

(5.8) EcLiun) — > oo as n — > oo. 

We win use the concentration-compactness principle ([30]). We denote by qn{t) the con- 
centration function of EcLiun), that is 

(5.9) Qnit) = sup / \VUn\'^ + {(p'^i\ro - Un\) - Vq)'^ dx. 

yeR^ JB{y,t) 

As in [30], it follows that there exists a subsequence of ((un, <?ra))n>i, still denoted ((tin, gn))n>i, 
there exists a nondecreasing function g : [0, oo) — > R and there is a G [0, ao] such that 

(5.10) Qnit) — > q{t) a.e on [0, oo) as n — > oo and q{t) — > a as t — > oo. 
We claim that 

(5.11) there is a nondecreasing sequnce tn — > oo such that lim qn{tn) = «• 

n— »oo 

To prove the claim, fix an increasing sequence — > oo such that qn{xk) — > q{xk) a-s 't- — ^ oo 
for any k. Then there exists G N such that \qn{xk) — q{xk)\ < ^ for any n > n^; clearly, we 
may assume that < n^+i for all k. If < n < nk-\-i, put t„ = Xk- Then for rik < n < rik+i 
we have 

kn(in) - a] = |gn(a;fc) - a\ < \qn{xk) - qixk)\ + \qixk) - a\ < y + \q{xk) - a\ — > 

k 

as A: — > oo and (jS.lip is proved. 
Next we claim that 

(5.12) qn{tn) - qn — > as n — > oo. 

To see this, fix e > 0. Take y > such that q{y) > a — | and qn{y) — > q{y) as n — > oo. 
There is some n > 1 such that qn{y) > — f for n > h. Then we can find n-t > h such 
that tn > 2y for n > n^:, and consequently we have qn{^) > 9n(y) > ~ f • Therefore 
limsup (qn{tn) — Qn{^-)) = hm (/^(in)— hminf (7„(^) < e. Sincee was arbitrary, (j5.12p follows. 

Our aim is to show that a = ao in (|5.10|) . It follows from the next lemma that a > 0. 

Lemma 5.4 Let {un)n>i <Z X be a sequence satisfying 

a) Ml < EcLiun) < M2 for some positive constants Mi, M2. 

b) lim Pe(Wn) = 0. 
n— >oo 

There exists k > such that sup / jVunl^ -|- ((^^(|ro — Un\) — Tq)^ dx > k for all 

yen.^ JB{y,l) 

sufficiently large n. 
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Proof. We argue by contradiction and we suppose that the conclusion is false. Then there 
exists a subsequence (still denoted (n„)„>i) such that 



(5.13) 



lim sup / \Vun\'^ + {ip'^{\ro - Un\) - rl)"^ dx = 0. 



We will prove that 



(5.14) 



lim 



dx = 0. 



V{\ro - ii„|^) - (9J^(|ro - Un\) - J-q)^ 

Fix e > 0. Assumptions (Al) and (A2) imply that there exists 6(e) > such that 
(5.15) \V{\ro - z|2) - a' {^\\ro - z\) - r^)' | < ea' {ip\\ro - z\) - r^)' 

for any z G C satisfying I |ro — z| — ro| < d{s) (see (|4.2p ). Therefore 



(5.16) 



'{\\ro-Un\-ro\<S{e)} 



j 

J {\ |ro-u„| 

/ 

J{\ |ro-ii„| 



V{\rQ - n„p) - (9?^(|ro - n„|) - 
{ip^{\ro-Un\)-rlf dx<eM2. 



dx 



'{\ \ro-Ur,\-ro\<S{e)} 

Assumption (A2) implies that there exists C(e) > such that 

(5.17) \v{\ro - z\') - {ip'{\ro - z\) - rif \ < C{e)\ |ro - z\ - rofP°+^ 

for any z £ C verifying | |ro — z\ — ro| > 6{e). 

Let Wn = I |?^o — Un\ — rol. It is clear that \wn\ < \un\- Using the inequality |V|t>| | < |Vt;| 
a.e. for v E i//„^(R^), we infer that Wn £ V^'^(R^) and 

(5.18) / \Vwn\^dx<M2 for any n. 

Using (j5.17p . Holder's inequality, the Sobolev embedding and (j5.18p we find 



/ 

J{\ro-Un 



{ko-"n|-r-o|>(5{£)} 



2\2 



V{\ro - Unl"^) - o? ((/?^(|ro - n„|) - rl) 



dx 



< C{e) / 

'{Wn>&{e)} 



(5.19) 



<C{e) 



2P0+2 
2* 



I I dx 



'{to„><5(£)} J 



£^({u;„><5(e)}))- 

,_2po+2 



2£o+2 



We claim that for any e > we have 



(5.20) 



lim C^{{wn > S{e)}) = 0. 
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To prove the claim, we argue by contradiction and assume that there exist Eq > 0, a subsequence 
{wnk)k > 1 and 7 > such that ({wn^ > ^{^o)}) > 7 > for any fc > 1. Since 1 1 Vt(;„| \l2(^^n-^ 
is bounded, using Lieb's lemma (see Lemma 6 p. 447 in [29] or Lemma 2.2 p. 101 in [10]), 

we infer that there exists /? > and G such that \ {wnk > ^%^} H B{yk^ 1) ) > (3. 



ifc ^ 2 

Let T] be as in (l330]) . Then Wn^^x) > implies ((/J^dro - Unja;)!) - rg)^ > 77 > 0. 

Therefore 

/ ((^2(|ro - n„,(x)|) - rlf dx > r? f ^) /5 > 

for any k >1, and this clearly contradicts (j5.13p . Thus we have proved that (j5.20p holds. 
From (ISTTBI) . ([5191) and (lOOl) it follows that 



< 2eM2 



2/2/1 I \ 2\ 2 

V {110 - Un\ , - C " - 

for all sufficiently large n. Thus (j5.14p is proved. 

From Lemma 15.21 we know that lim inf ii^c('Un) ^ ^c- Combined with (b), this implies 



limmfj^A{un) > Tc- Let do = A/^^zTr^ let Un = {un)i o-n- It is obvious that 



(5.21) lim inf A{un) = a^'^ lim inf A{un) > — — -a^-''Tc. 

n—^oo n^oo 2 

Using assumption (a), (|5.13p and (|5.14p it is easy to see that 

(5.22) there exist Mi, M2 > such that Mi < EcLiun) < M2 for any n, 

(5.23) lim sup / |Vn„p + ((/?^(|ro — Unl) — ''o)^ = and 



2\2 



(5.24) lim / Vi\ro-Un\^)-a^ {ipH\ro-Un\)-r^o) 



= 0. 



It is clear that Pc('Un) = iv^'^'o ^(^n) + Bc{un) and then assumption (b) implies 

(5.25) lim ( ^^-^a^A{un) + Bciun)] = lim {A{un) + Edun)) = 0. 

n— >oo \ iV — i / n^oo 

Using (|5.22p , (j5.23p and Lemma 13.21 we infer that there exists a sequence /i„ — > and 
for each n there exists a minimizer Vn of G^" j^jv in -^s„(I^^) such that (5„ := || \vn — tq] — 
ro| |ioo(R^]V) — > as n — > 00. Then using Lemma IT2l and the fact that |c| < Vs = 2arQ we 
obtain 

(5.26) Eci{yri) + cQ{vn) > for all sufficiently large n. 
From (15:221) and ([331) we obtain 



1 

4 _ 2 \ 2 



(5.27) \Qiun)-Qivn)\< [K + h^M^'' ] M2 — >0 asn^oo 
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Since EcLivn) < Eciiun), it is clear that 

Ec{un) = EcLiun) + cQ{un) + F (|ro - n„ - (i^^ ( |ro - | ) - Tq) ^ dx 



> EGL{Vn) + cQ{Vn) + c{Q{Un) - Q{Vn)) 



dx 



|2^ „2 .2/|„ ~ n „2\2 

y II ' - "n 

Using the last inequality and (j5.24p . (|5.26p . (j5.27p we infer that liminf £'c(?i„) > 0. Combined 

n— > oo 

with (|5.25p . this gives limsup^(n„) < 0, which clearly contradicts (j5.2ip . This completes the 
proof of Lemma 15.41 □ 

Next we prove that we cannot have a G (0, ao)- To do this we argue again by contradiction 
and we assume that < a < ao- Let tn be as in (IS.lip and let = For each n> 1, fix 
Vn G such that E^'j^"'^"\ur,) > g„(i?„) - ^. Using ([5T^ . we have 

|Vtin|^ + {^"^ilro - Un\) - rg)^ dx 



(5.28) 



B(y„,2R„)\B{y„,R„) 



< qn{2Rn) - {qn{Rn) - \) > aS n > CO. 



After a translation, we may assume that y„ = 0. Using Lemma 13.31 with A = 2, R = Rn, 
£ = £„, we infer that for all n sufficiently large there exist two functions Un,i, Un,2 having the 
properties (i)-(vi) in Lemma l3.3i 

From Lemma [313] (iii) and (iv) we get \EGL{un) — EGL{un,i) — EGL{un,2)\ < Csn, while 
Lemma[331(i) and (ii) implies EGL{un,i) > E^l ' "'{un) > qniRn)-^^ respectively EGL{un,2) > 
^R^\s(o,2i?„)^^^^ > EGL{un)-qn{2Rn). Taking into account (fSTTD . ([ST^ and i^Ml, we infer 
that 

(5.29) EGhiun^i) — > a and EGL{'Un,2) — > — a as n — > oo. 
By ()5.28p and Lemma 13.31 (iii) — (vi) we obtain 

(5.30) \A{Un) - A{Un,l) - A{Un,2)\ ^ 0, 

(5.31) \Ec{un) - Ec{un,i) - Ec{un,2)\ — > 0, and 

(5.32) \Pc{un) - Pc{un,i) - Pciun,2)\ — > as n — > oo. 

From (|5.32p and the fact that Pc{un) — > we infer that Pc{un,i) + Pciun,2) — * as n — > 
oo. Moreover, Lemmas 14.11 and 14.51 implv that the sequences {Pc{un,i))n>i and {Ec{un^i))n>i 
are bounded, i = 1, 2. Passing again to a subsequence (still denoted (un)„>i), we may assume 
that lim Pc{un i) = Pi and lim Pc{un 2) = P2 where pi, p2 S R and pi + P2 = 0. There are 

n^oo ' ra— >oo ' 

only two possibilities: either pi = P2 = 0, or one element of {pi, P2} is negative. 

If pi = P2 = 0, then (I5.29P and Lemma [5. 21 imply that liminf Ec{un i) > Tc, i = 1, 2. Using 

(I5.3ip . we obtain liminf i?c(^^n) > 2Tc and this clearly contradicts the assumption Ec{un) — >■ 

n— >oo 

Tc in Theorem 15 .31 

If Pi < 0, it follows from (|5.29p and Lemma Ol (ii) that \mim.iA{un i) > ^^Tc- Using 

n— >oo ' ^ 

()5.30p and the fact that A > 0, we obtain liminfA(u,i) > ^^^Tc, which is in contradiction 

n— >oo 

with dnzD- 



37 



We conclude that we cannot have a G (0, ao)- 

So far we have proved that hm q(t) = oq. Proceeding as in [30], it fohows that for each 

t— >oo 

n > 1 there exists Xn S such that for any e > there is Rg > and G N satisfying 

(5.33) EQ^^"'^^\un) > ao — e for any n > Ue- 

Let Un = Un{- + Xn), SO that Un Satisfies ()5.33p with i?(0,iie) instead of B{xn,Re)- Let 
X S C^(C,R) be as in Lemma [22] and denote n„^i = xiun)un, Un,i = (1 — x{^n))un- Since 
EcLiun) = EcLiun) is boundcd, we infer from Lemma 12.21 that (■Un,i)n>i is bounded in 
'D-'^'^(R^), (M„,2)n>i is bounded in H^CR^) and {EGi{un,i))n>i is bounded, i = 1, 2. 

Using Lemma [2.11 we may write tq — Un,i = Pn^^^", where ^tq < Pn ^ |?^o and G 
P^'2(R^). From 1^ and ([221) we find that [pn - ro)n>i is bounded in i?^(R^) and ((9„)„>i 
is bounded in ^^'^(R^). 

We infer that there exists a subsequence {nk)k>i and there are functions ui G P^'^(R^), 

e ii'i(R^), G pi'2(R^), p G ro + -H'i(R^) such that 

■Unfc,i ^ ui and ^ 9 weakly in D"^'^(R''^), 

Unk,2^U2 and Pn^ - ^ p - weakly in i/^(R^), 

Unk,l * '"nfc,2 > '^2, ^'n^ > 6*, Pn^ " '^O > P - "Tq 

strongly in U'{K), 1 < p < 2* for any compact set K C R^ and almost everywhere on R''^. 
Since Un^,! = '"o — Pn^^^^"^ — ^ ^0 — pe*^ a.e., we have tq — ui = pe*^ a.e. on R-'^. 

Denoting u = ui + U2, we see that ^ n weakly in 'D^''^(R^), Un^, — > u a.e. on R-^ 
and strongly in Lf{K), 1 < p < 2* for any compact set K C R^. 

Since Echiun) is bounded, it is clear that ((/9^(|ro — Un^l) — ^o)fc>i i^ bounded in L^(R^) 
and converges a.e. on R^ to 'p'^{\ro — u\) — r^. From Lemma 4.8 p. 11 in [26] it follows that 

(5.34) (^2(1^^ _ _ ^2) ^ ^2(1^^ _ _ ^2 ^g^j^iy l2(R^). 

The weak convergence Uuf, ^ u in 2?-'^'^(R^) implies 



(5.35) / — — < liminf / — — - dx < oo for j = 1, . . . , A^. 

JjlN OXj k~*oo Jj^jv OXj 

Using the a.e. convergence and Fatou's lemma we obtain 

(5.36) / (^^(|.o-»l)-.§)^..<.,m.„f/ (,Hlr,-a„J)-4r,. 
Prom ([535D and dOGl) it follows that u G A" and Egl{u) < liminf ^GLC^nJ- 

fc— >oo 

We will prove that 



(5.37) lim / Vilro-Un^ndx = / V {\ro - ul'') dx 
and 

(5.38) lim Q{un,) = Q{u). 

Fix e > 0. Let be as in (j5.33|) . Since EGLi^n^) — ^ Q^o as k — > oo, it follows from 
(|5.33p that there exists > 1 such that 

(5.39) £;5^\^^°'^"^(nnJ < 2e for any k > k,. 
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As in (j5.35p — (|5.36p . the weak convergence Vn^^, ^ Vu in L^(R^ \ i?(0, i?^)) implies 

/ I Vup < liminf / |Vn„j.|^(ix, 

Jn^\B{o,R,) Jn'^\B{0,Re) 



while the fact that Unt. — > u a.e. on and Fatou's lemma imply 



/ (,^(|..-„|)-.§)^..<U,n.f/ (,^(|.„-i.,|)-.§)^... 



Therefore 

f^^ 



(5.40) i?5^\^(°'^^)(n) < hminf < 2e. 



Let V € X he a function satisfying Eq^ ^ (v) < 2e. As in the introduction, we write 
V{s) = V{ip'^{^/^) + W{s). Using ^ we find 



(5.41) 



\V{ip\\ro - v\))\ dx<Ci ((^2(|ro - v\) - rlf dx 



It is clear that M^(|ro — u(x)p) = if |ro — f (x)| < 2rQ. On the other hand, |ro — f (x)| > 2ro 
implies ((/j^(|ro — i'(x)|) — Tq)^ > 9rQ, consequently 

9ro^/:^({x G \ i?(0,i2,) | |ro - t;(x)| > 2ro}) < / {ipH\ro - v\) - r^)^ dx < %. 

Using (II. 7p . Holder's inequality, the above estimate and the Sobolev embedding we find 
I \W{\rQ-v\'^)\dx<C f 

^^■^^^ <cU Jvfdx\ (£^({xGR^\S(0,/?,) I |ro-t;(x)| >2ro}))^"^ 



It is obvious that u and ?2„j. (with A; > ke) satisfy (j5.4ip and (|5.42p . If M > is such that 
EGL{un) ^ for any n, from (j5.4ip and (j5.42p we infer that 



f |U(|ro-n„j2)-U(|ro-n|2)|o!x 

Jn.f^\B{Q,Re) 

< I |U(|ro -n„j2)| + |U(|ro -n|2)|dx < Ce + CMPo+^e^-^ 

Ju.'^\B{Q,R^) 



Since z i — > U(|ro - zp) is C^, |U(|ro - z\'^)\ < C(l + |z|2po+2) and — > u in 
L^^'°+^(S(0, i?^)) and almost everywhere, it follows that V{\ro — UnJ'^) — > U(|ro — up) in 
L^{B{0,Rs)) (see, e.g.. Theorem A2 p. 133 in [36j). Hence 



(5.44) 



/ l^(ko — '^ukl'^) — U(|ro — u|^)| dx < e if /c is sufficiently large. 
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Since e > is arbitrary, (j5.37p follows from (j5.43p and (j5.44p . 



2* 



From (^M) we obtain ||(1 — X^('Un))^n| Il2(rjv) < C||V^n||/2(j^]V) ^ C {EcLiun)) * • Using 
the Cauchy-Schwarz inequality and (15.390 we get 



(5.45) 



R^\B(0,i?.) 



(1-X KJ(x^^,u 



dxi 



I dii 



dx 



< 11(1 - X iun))un\\L^iiN)\\-d^\\L^nN\B{o,R,)) < CM 4 ^ for any k > 



From (12. 7D we infer that 



^n-'^ollL^CRiV) <c(^GL(n„) + ||Vn„||2;(j^^))' <c(m + 



Using ((23]) and (j23)l we obtain 



< A 



9(x("n)«n) 



< c 



du„ 



dxi 



a.e. on R and then (j5.39p im- 



plies ||-g;^||L2(RJv\B(o,i?£)) — C^/e for any k > . Using again the Cauchy-Schwarz inequality 
we find 



(5.46) 



R^\B{0,R,) 



(2 2\ 



•n-k 



dxi 



dx < WpI^ -ro\\L2(^RN-) 



da 



dxi 



<C(M + ) ' ^ for any k > k,. 



It is obvious that the estimates ()5.45p and (j5.46p also hold with u instead of ■ 

Using the fact that — > u and — tq — > p — ro in L'^{B{{), R^)) and a.e. and the 
dominated convergence theorem we infer that 



(1 - X^{Unk))Unk ^ (1 - X^{u))u 



and pI^ - rl 



p'-rl mL\B{0,R,)). 



This information and the fact that 



dx 



fc ^ I" and ^ 
I axi ax\ 



^ weakly in L^{B{Q,Re)) imply 



(5.47) 



(i^^, (1 - X^{Unk))Unk) dx 



B(0,Re) 



{i-—,{l-X^{u))u)dx and 
ox I 



(5.48) / {pl-rl)f^dx^[ 

Jb(q,r,) oxi Jb 



/ 2 2\ 96 
{p -ro)g^^dx. 



B{0,R^) 

Using (j5.45p — (j5.48p and the representation formula (j2.12p we infer that there is some ki (e) > kg 
such that for any k > ki{e) we have 

\Q{un,) - Q{u)\ <c(m^+M^) ^, 



where C does not depend on k > ki (e) and e. Since e > is arbitrary, (|5.38p is proved. 
It is obvious that 



-cQiuuk 

N-3 
~' N-1 



V{\ro - Un^f) dx 



j 






dxi 



i iV - 3 

dx - Pc{u„J > ]Y3Y^(^nJ - PciUuk)- 
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Passing to the limit as k — > oo in this inequahty and using (j5.37p . (j5.38p and the fact that 
A{un) — > ^^-^Tci Pc{un) — ^ as n — > oo we find 

r N — 

(5.49) -cQ{u)- F(|ro > — — Tc > 0. 

In particular, ()5.49p implies that u / 0. 
From (j5.35p we get 

- 1 

(5.50) A{u) < liminf ^(u„J = ^— T,. 

k^oo Z 

Using ([535]), (fOTp and (lOHD we find 

(5.51) Pc{u) < liminf Pc(ttnJ = 0. 

fc^oo 

If Pc{u) < 0, from Lemma HTSl (i) we get A{u) > ^^-^Tc, contradicting (j5.50p . Thus necessarily 
Pc{u) = 0, that IS u £ C. Since A{v) > ^^^Tc for any v £ C, we infer from (15.50p that 
A{u) = ^^Y^Tc, therefore Ec{u) = Tc and n is a minimizer of Ec in C 
It follows from the above that 

N - I 

(5.52) A{u) = ^—Tc = lim A(n„J. 

Z k—>oo 

Since P^u) = 0, Mm Pduuk) = and dOT]) . (lOSj) and ([532]) hold, it is obvious that 

k^oo 



(5.53) 



' dx = lim 



dxi 



5xi 



Now (I5.52P and ([5.53p imply lim ||Vn„j.|||2cRjvi = 1 1 ^'"1 lia/Rjvi. Since Vit„j. ^ Vu weakly in 

L^(R^), we infer that Vn„^ — > Vn strongly in ^^(R^), that is Un,^ — > u in V^'^(R^). 
Proceeding as in the proof of (I5.37|) we show that 



(5.54) lim / {ip'^{\ro-Un,\) -rof dx = {ip'^{\ro - u\) - r^f dx. 

Together with the weak convergence ^"^{Iro — Un^\) — Tq V^'^{\fo ~ u\) — Tq in L^(R^) (see 
([5.34p ). this implies (p'^{\ro — UnJ) — — > ip"^ {\r() — u\) — strongly in L^(R^). The proof 
of Theorem 15.31 is complete. □ 

In order to prove that the minimizers provided by Theorem 15.31 solve equation (|1.3p , we 
need the following regularity result. 

Lemma 5.5 Let N > 3. Assume that the conditions (Al) and (A2) in the Introduction 
hold and that u £ X satisfies in P'(R^). Then u G Wf^'f(R^) for any p G [l,oo), 

Vu G W^^P{R^) for p G [2, oo), u G Ci'°(R^) for a G [0, 1) and u{x) — > as \x\ — > oo. 

Proof. First we prove that for any i? > and p G [2, oo) there exists C{R,p) > 
(depending on u, but not on x G R^) such that 

(5.55) ll'"llvK2.p(B(2:,i?)) ^ C{R,p) for any x G R^. 

We write u = ui + U2, where ui and U2 are as in Lemma [121 Then < ^, Vui G L2(R^) 
and U2 G H^{R.^), hence for any R> there exists C{R) > such that 



(5.56) \\u\\m{B{x,R)) < C{R) for any x G R 



N 
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Let (f>{x) = e 2~(ro — u{x)). It is easy to see that (f> satisfies 



(5.57) A(t>+ i^FM') + ^jcP = inP'(R^^). 

Moreover, (15.56P holds for cj) instead of u. From (15.561) . (|5.57p . (|3.18p and a standard bootstrap 
argument we infer that (j) satisfies (|5.55p . (Note that assumption (A2) is needed for this 
bootstrap argument.) It is then clear that (I5.55P also holds for u. 

From (j5.55p . the Sobolev embeddings and Morrey's inequality (j3.27p we find that u and 
Vn are continuous and bounded on and u € C^'"(R^) for a S [0, 1). In particular, u is 
Lipschitz; since u G L^*(R^), we have necessarily u{x) — > as — > cxd. 

The boundedness of u implies that there is some C > such that l-Fdro — np)(ro — n)| < 
C\^'^{\ro-u\)-r^\ onR^. Therefore F(|ro-up)(ro-u) G L'^nL'^(R^). Since Vn G L2(R^), 
from (jl.3p we find Au G L^(R^). It is well known that Au G LP(R^) with 1 < p < oo implies 
G LP(R^) for any i, j (see, e.g.. Theorem 3 p. 96 in [34]). Thus we get Vu G ^^'^(R^). 

Then the Sobolev embedding implies Vu G LP(R^) for p G [2,2*]. Repeating the previous 
argument, after an easy induction we find Vu G W^'P(R^) for any p G [2, oo). □ 

Proposition 5.6 Assume that the conditions (Al) and (A2) in the introduction are satisfied. 
Let u ^ C he a minimizer of Ec in C. Then u G VF^^'^(R^) for any p G [1, oo), Vu G W^'^CR'^) 
for p G [2, oo) and u is a solution of U.3\) . 

Frool It is standard to prove that for a„y R > 0, Mv) = / - - „P) 4. is a 

...otiorra, o„ .,.(0, .„ a„d - . f nin, - . - ^ - . - . (see, e.., 

Lemma 17.1 p. 64 in [26] or the appendix A in [36j). It follows easily that for any R > 0, the 
functionals Pdv) = Pc{u + v) and Ec{v) = Ec{u + v) are on H^{B{0,R)). We divide the 
proof of Proposition 15.61 into several steps. 

Step 1. There exists a function w G C^(R^) such that P'^{^).w ^ 0. 

To prove this, we argue by contradiction and we assume that the above statement is false. 
Then u satisfies 

(5.58) - 1^ - ( ^ ^ ) + icu.^ + F(|ro - u\''){ro - n) = in P'(R^^ 




Let 0" = Y ^r^- It is not hard to see that ui^a satisfies (jl.3p in P'(R^). Hence the conclusion 
of Lemma [5 . 5 1 holds for ui^a- (and thus for u). This regularity is enough to prove that u satisfies 
the Pohozaev identity 

(5.59) / ^'dx + ^ [ y;|^'dx + cQ(ni,.)+ / V{\ro - u^,^f) dx 

N -1 J^N \ oxk 



dxi 



RJV 



To prove ([^3^]) . we multiply fO]) by Y.k=2 x(f )^, where x e C^{R^) is a cut-off function 
such that X = 1 on -6(0, 1) and supp(x) C -6(0, 2), we integrate by parts, then we let n — > oo; 
see the proof of Proposition 4.1 and equation (4.13) in [33] for details. 

Si„,e . = i= equrvalerrt to (fcf)' ^(«) + BAu) = 0. On the other hand we 

have Pc{u) = j^^A{u) + Bc{u) = and we infer that A{u) = 0. But this contradicts the fact 
that A(u) = Tc > and the proof of step 1 is complete. 
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Step 2. Existence of a Lagrange multiplier. 

Let w be as above and let v G H^(JiI^) be a function with compact support such that 
^^(O).^ = 0. For s, t G R, put s) = Pc{u + tv + sw) = Pc{tv + sw), so that $(0, 0) = 0, 
^(0,0) = Pc{0).v = and ||(0,0) = ^^(0)-^" 7^ 0- The implicit function theorem implies 
that there exist 6 > and a function r] : (—6,6) — > R such that r/(0) = 0, ?7'(0) = 
and Pc{u + tv + rj(t)w) = Pc{u) = for t G (—5,5). Since u is a minimizer of A in C, the 
function t i — > A{u + tv + rj{t)w) achieves a minimum at i = 0. Differentiating at t = we get 
A'{u).v = 0. 

Hence A'{u).v = for any v G H^(R.^) with compact support satisfying P^(0).v = 0. 
Taking a = (where w is as in step 1), we see that 

F^(0).to i /' 

(5.60) A'{u).v = aP^{u).v for any v G /f^(R^) with compact support. 
Step 3. We have a < 0. 

To see this, we argue by contradition. Suppose that a > 0. Let w be as in step 1. 
We may assume that P^{u).w > 0. From ()5.60p we obtain A'{u).w > 0. Since A'(?/).i(; = 
lim "^^"^*^"* "^^"^ and P'(u).w = lim ^"^^^^^} Pc(u) iYisX for t < 0, t sufficiently close to 

we have u + / 0, Pc(ii + t^f^) < Pc{u) = and A{u + ttw) < A(n) = ^^T^. But this 
contradicts Lemma 14.81 (i). Therefore a < 0. 
Assume that a = 0. Then (|5.60p implies 

(5.61) / /^(t^ — , 7^ — ) = for any v G H^CRI^) with compact support. 
^R^ ^ ^3;^ dxj 

LetxG C;?°(R^) be such that X = Ion 5(0,1) and supp(x) C 5(0,2). Puti;„(x) =x(f)u(a;), 
so that Vf„(x) = ^Vx(f )u + x(f )Vtt. It is easy to see that x(^)Vm — > Vu in L^(R''^) and 
^Vx(-)if ^ weakly in L^(R^). Replacing v by in (j5.6ip and passing to the limit as 
n — > oo we get A{u) = 0, which contradicts the fact that A(u) = ^^^^T^. Hence we cannot 
have a = 0. Thus necessarily a < 0. 

Step 4- Conclusion. 

Since a < 0, it follows from (I5.60p that u satisfies 

Let (To = ^^Ef ~ a) ^- It is easy to see that ui^ao satisfies p.3p in I?'(R^). Therefore the 
conclusion of Lemma 15. 5 1 holds for ui^o-o (and consequently for u). Then Proposition 4.1 in |33] 
implies that ni o-q satisfies the Pohozaev identity ^(^1,0-0) + Bc{ui^ao) = 0, or equivalently 
^^a^-^A{u) + a^-^Bc{u) = 0, which implies 



iV-3 /iV-3 1 , , 

- A{u)+Bc{u) = 0. 



N -1\N-1 a 



On the other hand we have Pc{u) = §^A{u)+Bc{u) = 0. Since A{u) > 0, we get = 1. 

Then coming back to ()5.62p we see that u satisfies (jl.Sp . □ 
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6 The case TV = 3 

This section is devoted to the proof of Theorem 11.11 in space dimension = 3. We only 
indicate the differences with respect to the case > 4. Clearly, if = 3 we have Pc = Be- 
For V £ X we denote 



R3 



dv 



2 



,2 



D{v) = i , dx + a" I {^\\ro - v\) - rg)' dx. 



R3 



For any v £ X and o" > we have 

(6.1) A{vi,^)=A{v), B,{vi,^)=a^B,{v) and D{vi^^) = a^D{v). 

If = 3 we cannot have a result similar to Lemma l5.ll To see this consider n G C, so 
that Bc{u) = 0. Using (j6.ip we see that ui^o- G C for any a > and we have Ec{ui^a) = 
A{u) + a'^Bc{u) = A{u), while EGL{ui,a) = A{u) + a'^D{u) — > oo as u — > oo. 

However, for any u € C there exists cr > such that D(ui^„) = 1 (and obviously ui^^ G C, 
Eciui^a) = Ec{u)). Since C 7^ and Tc = inf {£'c(ii) | u £ C}, we see that there exists a 
sequence (un)n>i C C such that 

(6.2) D{un) = 1 and Ec{un) = A{un) — > Tc as n — > 00. 

In particular, (|6.2p implies EcLiun) — > Tc + 1 as n — > 00. 

The following result is the equivalent of Lemma 15.21 in the case A^ = 3. 

Lemma 6.1 Let N = 3 and let (wn)n>i <Z X be a sequence satisfying 

a) There exists C > such that D{un) > C for any n, and 

b) Bciun) — > as n — > 00. 

Then liminf £'c(n„) = liminf A(u„) > Sc, where Sc is given by CT^M). 

n— +00 n— >oo 

Proof. It suffices to prove that for any A; > we have 

(6.3) liminf ^(n„) > Ec,minik)- 

n— >oo 

Fix A; > 0. Let n > 1. If A{un) > k, by Lemma 14.61 (iii) we have A{un) > k > £'c,mm(^)- If 
A{un) < k, since EGL{{un)i,a) = A{un) + (T^D{un) we see that there exists o"„ > such that 
T^GL{iun)i,cr„) = k. Obviously, we have a^D{un) < k, hence o"^ < ^ by (a). It is clear that 
Eci{un)i,a„) = A{un) + alBc{un) > Ec,min{k), therefore A{Un) > Ec^minik) - crl\Bc{un)\ > 
Ec,min{k) — ^\Bc{un)\. Passing to the limit as n — > 00 we obtain (|6.3p . Since A; > is 
arbitrary. Lemma |6. II is proved. □ 

Let 

Ac = {A e R I there exists a sequence (n„)„>i C X such that 
D{un) > 1, Bc{un) — > and A{un) — > A as n — > 00}. 

Using a scaling argument, we see that 

Ac = {A G R I there exist a sequence («n)n>i C X and C > such that 
T){un) > C", Bc{un) — > and A{un) — > A as n — > 00}. 

Let Ac = inf Ac. From (|6.2p it follows that Tc G Ac. It is standard to prove that Ac is closed in 
R, hence Ac € Ac. From Lemma |6. II we obtain 

(6.4) 5c < Ac < Tc 
The main result of this section is as follows. 
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Theorem 6.2 Let N = 3 and let {un)n>i <Z X he a sequence such that 

(6.5) D{un) — > 1) Bc{un) — > and A{un) — > Ac as n — > oo. 
There exist a subsequence {un^)k>i, a sequence {xk)k>i C and u € C such that 

Vu„j^(-+Xfc) — >Vu and |ro - u^^^ (• + Xfc)^ - Tq — > |ro - - Tq in L^(R^). 
Moreover, we have Ec{u) = A{u) = Tc = \c o,nd u minimizes Ec in C. 

Proof. By ()6.5p we have EcLiun) = A{un)+D{un) — > Ac + 1 as n — > oo. Let qn(t) be the 
concentration function of EcLiun), as in (15. 9p . Proceeding as in the proof of Theorem 15 .3^ we 
infer that there exist a subsequence of (n„,g„)„>i, stih denoted {un, qn)n>i, a nondecreasing 
function q : [0, oo) — > [0, oo) and a £ [0, Ac + 1] such that (I5.10p holds. We see also that there 
exists a sequence tn — > oo satisfying ()5.1ip and (I5.12|) . 

Clearly, our aim is to prove that a = Ac + 1. The next result implies that a > 0. 

Lemma 6.3 Assume that N = 3, < c < Vg and let (n„)„>i C X be a sequence such that 
D{un) — > 1, Bc{un) — > as n — > oo and sup EcLiun) = M < oo. 

n>l 

Tkere e.i.ts k > sup / IVuj' + a= - - rj)^ <ix > k for all 

S/GR» JB(y,l) 

sufficiently large n. 

Proof. We argue by contradiction and assume that the conclusion of Lemma 16.31 is false. 
Then there exists a subsequence, still denoted (n„)„>i, such that 

(6.6) sup EQ^j^'^\un) — > as n — > oo. 



Exactly as in Lemma 15.41 we prove that ()5.14p holds, that is 



n—foo 



2\2 



(6.7) lim / V{\ro-Un\^)-a^ip\\ro-Un\)-rl) 



dx = 0. 



Using ()6.7p and the assumptions of Lemma 16.31 we find 

(6.8) cQ{un) = B^{un) - D{un) " / ^(^0 - Un\^) " {^'^{V^ " Un\) " rlf dx -1 

as n — > oo. If c = 0, (j6.8p gives a contradiction and Lemma 16.31 is proved. From now on we 
assume that Q < c < Vg- 

Fix ci G (c, fs), then fix o" > such that 

(6.9) a-> 



ci — c 

A simple change of variables shows that M := sup EGL{{un)i, a) < oo and (j6.7p holds with 

n>l 

(itn)i,a- instead of Un- It is easy to see that {{un)i^a)n>i also satisfies (|6.6p . Using Lemma [3?2] 
we infer that there exists a sequence /i^ — >■ and for each n there exists a minimizer u„ of 
Ci'^h" in ^ (R^) such that 



(6.10) II I'Wn - rol - ro||Loo(R,3) — >0 as n 



oo. 
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Prom (13.41) we obtain 



(6.11) \Q{iun)i,a)-Q{vn)\<{hl + hlM-i] M^O as n ^ oo. 



Using (j6.10p . the fact that < ci < 2aro and Lemma [^?2] we infer that for aU sufficiently large 
n we have 

(6.12) EGL{Vn)+ClQ{Vn)>0. 

Since EcLivn) < EGL{{un)i,a), for large n we have 

^ < EcLiVn) + ClQ{Vn) 

< EGL{{Un)l,a) + ClQ((u„)l,a) + Ci\Q{{Un)l,a) " Q{Vn)\ 

= A{Un) + Bc{iUn)l,a) + (ci - c)Q{{Un)l,a) + Ci\Q {{Un) 1 " Q(^n)| 

= ^(n„) + a'^Bciun) + 0-^(01 - c)Q{un) + an 
<M + a^B^iun) + (72(ci - c)Q{un) + an, 

where 

an = Cl\Q{{Un)l,a) " Q{Vn)\ + a^ (<y5^(ko " {Un)l,a\) " ^^o)^ " "^(^0 " {Un)l,a\^) dx. 

From (|6.7p and (j6.1ip we infer that lim a„ = 0. Then passing to the limit as n — > oo 

n— >oo 

in dEISD, using and the fact that hm Bc{un) = we find < M - a"^^^. The last 

n— >oo 

inequality clearly contradicts the choice of a in (|6.9p . This contradiction shows that (j6.6p 
cannot hold and Lemma 16.31 is proved. □ 

Next we show that we cannot have a E (0, Ac + 1). We argue again by contradiction and 
we assume that a £ (0, Ac + 1). Proceeding exactly as in the proof of Theorem 15.31 and using 
Lemma [3.31 we infer that for each n sufficiently large there exist two functions n„^i, Un,2 having 
the following properties: 

(6.14) EGL{Un,l) > a, EGL{Un,l) — >Ac + l-a, 

(6.15) \A{Un) - A{Un,l) - A{Un,2)\ ^ 0, 

(6.16) \Bc{Un) - Bc{Un,l) - Bc{Un,2)\ > 0, 

(6.17) \D{un) - D{unA) - D{un,2)\ — >0 as n — > oo. 

Since [EGL{un,i))n>i are bounded, from Lemmas 14.11 and 14.51 we see that Bc{un,i))n>i are 
bounded. Moreover, by (j6.16p we have lim (i?c(^n i) + -Bc(u„ 2)) = hm Bdun) = 0. Simi- 

n— >oo ' ' n—*oo 

larly, {D{un i))n>i are bounded and lim {D{un 1) + D{un 2)) = hm E>{un) = 1. Passing again 
to a subsequence (still denoted (n„)„ > 1), we may assume that 



(6.18) lim Bc{un,i) = 61, lim Bc{un,2) = &2j where hi G R, 61 + &2 = 0, 
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(6.19) lim D{un,i) = di, lim D{un,2) = ^2, where di > 0, di + d2 = 1- 



n—*oo 



From (j6.18p it follows that either 6i = 62 = 0, or one of hi or &2 is negative. 
Case 1. If 61 = 62 = 0, we distinguish two subcases: 

Subcase la. We have di > and d2 > 0. Let crj = ■^=, i = 1,2. Then D{{un,i)i,ai) — 

afD{un,i) — > 4 and -Bc(('Un,i)i,o-i) = criBc{un,i) — > as n — > 00. From (|6.ip and the 
definition of Ac it follows that liminf j) = liminf i)i o-J > Ac, i = 1,2. Then (|6.15p 

n—>oo ' n^oo ' ' 

implies 

liminf^(un) > liminf 1) + liminf ^(n„ 2) ^ 2Ac 

n— >oo n— >oo ' n— »oo ' 

an this is a contradiction because by (j6.5p we have lim A{un) = Ac. 

n— >oo 

Subcase lb. Oneofdi's is zero, say di — 0. Then necessarily d2 — 1, that is lim D(un 2) — 
1. Since EcLiun 2) = A{un 2) + D{un 2) — >1 + Ac — aasn — > cxd, we infer that lim A{un2) = 

' ' ' n— »oo ' 

Ac — a. Hence D{un,2) — ^ 1, Bc{un.2) — > and A{un.2) — > Ac — a as n — > 00, which implies 
Ac — a G Ac. Since a > 0, this contradicts the definition of Ac. 

Case 2. One of 6j's is negative, say 61 < 0. From Lemma HTSl (ii) we get liminf A{un 1) > 

n — >oo ' 

Tc > Ac and then using (j6.15p we find liminf A{un) > Ac, in contradiction with ()6.5p . 



Consequently in all cases we get a contradiction and this proves that we cannot have 
a e (0,Ac + l). 

Up to now we have proved that lim q{t) = Ac + 1, that is "concentration" occurs. 

t— ►oo 

Proceeding as in the case > 4, we see that there exist a subsequence {un^)k>i, a sequence 
of points {xk)k>i C R'^ and u X such that, denoting Unk{x) = Un^{x + x^), we have: 

(6.20) V'^rifc ^ and f'^{\rQ — UnJ) — ^ f'^{\'>~0 — u\) — Tq weakly in L^(R^), 

(6.21) — >u in L^^^CR^) for 1 < p < 6 and a.e. on R^, 

(6.22) / Vi\ro-Unf)dx ^ [ V {\ro - ul"") dx , 

(6.23) / (^2(|^^_~^j)_^2)2^^^ /■ (^2(|^^_^|)_^2)2^^^ 

(6.24) Q{unf,) — > Q{u) as k — > 00. 
Passing to the limit as k — > 00 in the identity 

/ V{\rQ - n„J^) - {<f'^{\ro - -UnJ) - dx + cQ{un,,) = -Bc(n„J - -D('UnJ, 

using (I6:22|) - (l6:2i]l and the fact that Bc{unk) — ' 0, D{un,^) — > 1 we get 

Vi\ro - 7z|2) - {fWro - u\) - r^)^ dx + cQ(u) = -1. 



Thus u^O. 



47 



From the weak convergence Vi2„j. 

2 





du 


/ 





(6.25) 

In particular, we have 
(6.26) 



Vti in L^(R^) we get 

2 



dx < hminf 



/ 




/r3 


dXj 



dx 



for j = l,...,iV. 



A{u) < hm A{u, 



Prom (|6:22]) . ((Oil) and ([OS]) we obtain 



(6.27) 



Bc{u) < lim Bciuuk] 



Ac. 



0. 



Since u 7^ 0, (16.270 and Lemma (i) imply A{u) > Tc- Then using (16.260 and the fact that 
Ac < T'c) we infer that necessarily 



(6.28) 



A{u) 



lim ^(nnj- 

fc— »oo 



If 



The fact that Bc{unf.) 
du 2 



0, and (f6:2il) imply that 



/ 






5xi 



R3 



dxi 



dx < lim 

fc— +00 Jj^3 



I converges. 

k>l 



9x1 



dx, we get Bc{u) < lim Bciun^] 
fe— +00 



in (fOTt) and then 

Lemma 14.81 (i) implies A(u) > Tc, a contradiction. Taking (j6.25p into account, we see that 
necessarily 



(6.29) 



R» 



du 



dxi 



dx 



lim 



dUn, 



dxi 



dx 



and Bc{u) = 0. 



Thus we have proved that u £ C and | |Vn| |j;^2(j^3) = lim ||Vn„j,||/^2(j^3) 

k-^oo 

Vu in L^(R^), this implies the strong convergence Vtt, 



weak convergence Vn, 

in L^(R^). Then using the Sobolev embedding we find u 



. Combined with the 
■ Vn 



From the second part of ()6.20p and ()6.23|) it follows that 



(6.30) 

Let G{z 
z\H 



U 



"ft I 



^0 



ip'^{\ro-u\) -r^ 



u in L^(R^). 



in L^fR'^ 



z\). It is obvious that G G C7°°(C,R) and \G{z)\ < G\ro 



{|ro-2;|>2ro} 



< G'lzlH 



{\^\>ro} 



< G"\z\n 



{kl>n)} 



. Since u 



■nk 



u in L°(R'^), it is easy to see 



that G{unk) — > G{u) in L'^{Y{?) (see Theorem A4 p. 134 in [M]). Together with (fOOj) . this 
gives |ro — "Un^. P — Tq — > |ro — up — Tq in L^(R^) and the proof of Theorem 16.21 is complete. □ 

To prove that any minimizer provided by Theorem l6. 21 satisfies an Euler-Lagrange equation, 
we will need the next lemma. It is clear that for any v £ X and any i? > 0, the functional 
Bl{w) := Bc{v + w) is on H^{B{0,R)). We denote by {B^)'{0).w = Um^^^iHlM-M its 

derivative at the origin. 



Lemma 6.4 Assume that N >3 and the conditions (Al) and (A2) are satisfied. Let v £ X 
be such that {B^y{0).w = for any w G C^(R^). Then v = almost everywhere on R^. 

Proof. We denote by v* be the precise representative of v, that is v*{x) = lim m{v, B(x, r)) 

r—>0 

if this limit exists, and otherwise. Since v S Lj^^CR^), it is well-known that v = v* almost 
everywhere on R^ (see, e.g.. Corollary 1 p. 44 in [H]). Throughout the proof of Lemma [67 
we replace v hy v* . We proceed in three steps. 
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Step 1. There exists a set 5* C R'^ ^ such that £^ ^{S) = and for any x' S R-^ ^ \ 5* 
the function Vx' :=v{-,x') befongs to C^(R) and solves the differential equation 

(6.31) - M'is) + icMis) + F{\ro - Vx,{s)\^){ro - Vx,{s)) = for any s € R. 
Moreover, we have |t>j^^/(s)| — > as s — > ±00 and Vx' has the following properties: 

(6.32) Vx>eL^\K), ^Wro - vx'\) - e L\K) and {vx')' = ^^{-^x') e L\K), 

2* 



(6.33) F{\ro - yx'^iro - Vx') G L^(R) + L^po+i (R). 

It is easy to see that F{\ro - vp)(ro - v) e L2(R^) + L^i^(R^). Since v e Hl^iK^), 
using Theorem 2 p. 164 in [14] and Fubini's Theorem, respectively, we see that there exists a 
set S C R^"-*^ such that C^~^{S) = and for any x' € R^^-*^ \ S the function Vx' is absolutely 
continuous, Vx' G -H'L(R-) and (16321) - ([HIM]) hold. 

Given ^ G ^^(R), we denote A^{xi,x') = {-§^{xi, x'), ^' (xi)) + c{i-§^{xux'),^{xi)) + 
(F(|ro - u|2)(ro - v){xi,x'),(l){xi)). From (|632D and (lOSj) it follows that A^(-,x') G L^(R) 

for x' G R^^^ \ 5. For such x' we define X^{x') = / A^{xi,x')dxi, then we extend the 

Jr 

function A,^ in an arbitrary way to R^-i. Let ip G Cl(R^~'^). It is obvious that the 
function {xi,x') i — > A^{xi,x')ip{x') belongs to L^(R^) and using Fubini's Theorem we get 

/ A^{xi,x')'ip{x') dx = / \^{x')'4>{x') dx . On the other hand, using the assumption of 
Lemma WM we obtain 2 / A^(xi, x')^(x') = [B^] (0).((/>(xi)^/^(x')) = 0. Hence we have 

/ \(f,{x')'4>{x') dx = for any ij) G C^(R^~^) and this implies that there exists a set 

5^ C R^-^ \ S such that C^-^{S^) = and = on R^-^ \ (5 U S^). 

Denote go = ij^+T ^ (li^o). There exists a coutable set G C^(R) | n G N} which 
is dense in H'^fji) n L'?o(R). For each n consider the set S*^^ C R^"^ as above. Let S = 
y It is clear that £^-^{S) = 0. 

nSN 

Let x' G R^~^ \ S. Fix G C^(R). There is a sequence (</>nj.)fc>i such that (/)„j. — > 
^ in iJ^R) and in L«o(R). Then A0„^(x') = for each k and (|SD - (I03|) imply that 
A0„^(x') — > A(^(x'). Consequently A(^(x') = for any (j) G C^(R) and this implies that Vx' 
satisfies the equation (j6.3ip in D'(R). Using (j6.3ip we infer that {vx')" (the weak second 
derivative of Vx') belongs to L\^^{Y{) and then it follows that {vx') is continuous on R (see, 
e.g.. Lemma VIII. 2 p. 123 in [8j). In particular, we have Vx' G C^(R). Coming back to 
(|6.3ip we see that {vx')" is continuous, hence Vx' G C^(R) and (j6.3ip holds at each point of 
R. Finally, we have \vxi{s2) — Vxi{si)\ < \s2 — sija || {vx')' this estimate and the fact that 
Vx' G (R) imply that Vx'^s) — > as s — > ±00. 

Step 2. There exist two positive constants ki , k2 (depending only on F and c) such that 
for any x' G R^~^ \ 5 we have either Vx' = on R or there exists an interval Ix' C R with 
t^^{Ix') ^ ^1 and I |ro — f^'l — '"ol ^ ^2 on Ix'- 

To see this, fix x' G R^^^ \ S and denote g = \rQ — Vx'\'^ — Vq. Then g G C^(R, R) and g 
tends to zero at ±00. Proceeding exactly as in [33j, p. 1100-1101 we integrate ()6.3ip and we 
see that g satisfies 

(6.34) {g')\s) + ^g\s) - A{g{s) + rl)V{g{s) + rl) = in R. 
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Using (fLlj) we have c^t'^ -4:{t + r^)V{t + rl) = t'^{c'^ - v'^ + ei{t)), where ei(t) — > as t — > 0. 
In particular, there exists /cq > such that 

(6.35) c^f - 4:{t + r'^)V{t + rl) <0 for t € [-2/co, 0) U (0, 2A;o]. 

If (7 = on R then |ro — = rg and consequently there exists a lifting r() — Vxi{s) = r^e^^^^^ 
with 6 G C^(R, R). Using equation (16.3ip and proceeding as in [33] p. 1101 we see that either 
'^o — Vxi{s) = vqc^^" or ro — v^'is) = roe*^*"*"^"^, where 6*0 G R is a constant. Since Vx' G L^*(R), 
we must have Vx' = 0. 

If (7 ^ 0, the function g achieves a negative minimum or a positive maximum at some Sq £ R. 
Then g'{so) = and using ()6.34p and (|6.35p we infer that |5(so)| > 2feo- Let S2 = inf{s < 
So I \9{s)\ > 2ko}, si = sup{s < S2 \ g{s) < ko}, so that si < S2, \gisi)\ = ko, \g{s2)\ = 2ko and 
ko < \g{s)\ < 2ko for s £ [si, S2]. Denote M = sup{4(t + rl)V(t + rg) - c^t^ | t G [-2ko, 2ko]}. 
Prom (|6.34p we obtain < \/M if g{s) G [—2ko,2ko] and we infer that 

ko = \g{s2)\ - \9{si)\ < [\'{s)ds <Vm{s2-si), 



hence S2 — si > -7=. Obviously, there exists A;2 > such that I ko — — rol > ko implies 

\ M I I I u I 



|ro — 2:| — ro\ > A;2. Taking fci = and I^^' = [si, S2], the proof of step 2 is complete. 



Step 3. Conclusion. 

Let K = {x' £ R^-i \ S\vx' 0}. It is standard to prove that K is ^—measurable. 
The conclusion of Lemma [6.41 follows if we prove that C^~^{K) = 0. We argue by contradiction 
and we assume that C^~^{K) > 0. 

If x' G K, it follows from step 2 that there exists an interval Ix' of length at least 
ki such that ((/9^(|ro — f^'l) ~ ^0) — ^(^2) on Ix', where r] is as in (j3.30p . This implies 

/ ('/'^(ko — v{xi,x')\) — dxi > kiri{k2) and using Fubini's theorem we get 

{V'^i.lro-vix)]) -r'^)'^ dx = I {ip'^{\ro - v{xi,x')\) - r^)^ dxi] dx' 

Jk Vjr / 

> kiri{k2)C^-HK). 

Since v £ X, we infer that C'^~^{K) is finite. 

It is obvious that there exist x\ G K and G R-^"^ \ {K U S) arbitrarily close to each 
other. Then \vx'^\ > k2 on an interval /^/^ of length ki, while = 0. If we knew that v 
is uniformly continuous, this would lead to a contradiction. However, the equation (|6.3ip 
satisfied by v involves only derivatives with respect to xi and does not imply any regularity 
properties of v with respect to the transverse variables (note that if t; is a solution of (j6.3ip . 
then v{xi + 5{x'),x') is also a solution, even if 6 is discontinuous). For instance, for the Gross- 
Pitaevskii nonlinearity F{s) = 1 — s it is possible to construct bounded, functions v such 
that V G L2*(R^), ([QB is satisfied for a.e. x', and the set X is a nontrivial ball (of course, 
these functions do not tend to zero at infinity, are not uniformly continuous and their gradient 
is not in L2(R^)). 

We use that fact that one transverse derivative of v (for instance, ^^) is in L^(R^) to get 
a contradiction. 

For x' = {x2, X3, . . . , xn) G R^~^, we denote x" = {x^, . . . ,xn)- Since v G Hi^^{Il^), from 
Theorem 2 p. 164 in JT^ it follows that there exists J C R^~^ such that C^~^{J) = and 
u{xi,-,x") G Hl^{Yi^) for any {xi,x") G R^"^ \ J. Given x" G R^'^, we denote 

Kx" = {X2 G R I {X2,x") G K}, 
Sxii = {X2 G R I {x2,x") G S}, 
Jx" = {xi G R I {xi,x") G J}. 
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Fubini's Theorem implies that the sets Kx", Sx", Jx" ^-re iZ^— measurable, C^{Kx") < oo and 
£\Sx") = C^{Jx") = for £^-2-a.e. x" G R^-2_ 

G = {x" G R^~^ I Kx" , Sx" , Jx" are measurable, 
C^{Sx") = C\Jx") = and < C^{Kx") < oo}. 



(6.36) 



Clearly, G is ^—measurable and 
claim that 



/ cHKx 

Jg 



dx" = £^-\K) > 0, thus > 0. We 



(6.37) 



R2 



-p-{xi,X2,x"] 
OX2 



dxi dx2 = oo for any x" £ G. 



Indeed, let x" S G. Fix e > 0. Using (j6.36p we infer that there exist si, S2 G R such 
that {si,x") G R^"i \ {KU S), {s2,x") G K and \s2 - si\ < e. Then v{t,si,x") = for 
any t G R. From step 2 it follows that there exists an interval / with C^{I) > ki such that 
\v{t, S2, x")\ > I |ro — v{t, S2, x")\ — rol > k2 for t £ I. Assume si < S2- If t G / \ Jx" we have 
v{t,-,x") G Hl^(R), hence 

f^'^ dv 

k2 < \v{t,S2,x") - v{t,si,x")\ = 



1 0X2 



{t, r, x") dr 



Clearly, this implies 

dv 

R2 



< (s2 - si) 
dv 



S2 



SI 



dv 

8X2 



Si 



dx2 



{t,T,x"] 



{t,T, x"] 



k'2 



dr 



dr > — . Consequently 



{XI,X2,X" 



dxi dx2 > 



S2 



dv 
dxo 



{t,T, x") 



drdt > 



Since the last inequality holds for any e > 0, (16.370 is proved. Using (16.370 . the fact that 

[ dv 

C^-'^{G) > and Fubini's Theorem we get / — — dx = 00, contradicting the fact that 



UN 



dx2 



v £ X. Thus necessarily C {K) = and the proof of Lemma 16.41 is complete. 



□ 



Proposition 6.5 Assume that N = 3 and the conditions (Al) and (A2) are satisfied. Let 
u £ C be a minimizer of Ec in C. Then u G W^^^(R?) for any p G [1, 00), Vu G W^'^ill^) for 
p £ [2, 00) and there exists o" > such that ui^a is a solution of 1^1. 3\) . 

Proof. The proof is very similar to the proof of Proposition 15.61 It is clear that A{u) = 
Ec{u) = Tc and u is a minimizer of A in C. For any R > 0, the functionals -B" and A(v) := 
A{u + v) are on Hq{B(0, R)). We proceed in four steps. 

Step 1. There exists w £ Cl(R?) such that (B^y{0).w 7^ 0. This follows from Lemma[6 

Step 2. There exists a Lagrange multiplier a G R such that 

(6.38) Al{^).v = a{B^y{0).v for any v £ i/^(R^), v with compact support. 

Step 3. We have a < 0. 
The proof of steps 2 and 3 is the same as the proof of steps 2 and 3 in Proposition 

Step 4- Conclusion. 
Let P = Then (|6.38p implies that u satisfies 



d^ 



d u d u 



dxi 



dx^ 



^ - /5 ( 773 + 773 ) + ^c^^^^i + ^(1^0 - u\ )(ro 



in P'(R^). 



For o"^ = ^ we see that ui ^j satisfies (jl.3p . It is clear that ui^^ £ C and ui^fj minimizes A 
(respectively Ec) in C. Finally, the regularity of ui^^ (thus the regularity of u) follows from 
Lemma 15.51 □ 
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7 Further properties of traveling waves 



By Propositions 15.61 and 16.51 we already know that the solutions of (II. 3p found there are 
in W^^^(R^) for any p G [1, oo) and in C^(R^). In general, a straightforward boot-strap 
argument shows that the finite energy traveling waves of (jl.lh have the best regularity allowed 
by the nonlinearity F. For instance, if F G C'^([0,oo)) for some k G N*, it can be proved 
that all finite energy solutions of (II. 3p are in W^^'^'^(R'^) for any p G [1, oo) (see, for instance, 
Proposition 2.2 (ii) in [33]). If F is analytic, it can be proved that finite energy traveling waves 
are also analytic. In the case of the Gross-Pitaevskii equation, this has been done in [5]. 

A lower bound K(c, N) on the energy of traveling waves of speed c < Vg for the Gross- 
Pitaevskii equation has been found in [35j . The constant K{c,N) is known explicitly and we 
have K{c, N) — > as c — > Vg- In the case of general nonlinearities, we know that any finite 
energy traveling wave u of speed c satisfies the Pohozaev identity Pc{u) = 0, that is it G C. 
Then it follows from Lemma 14.71 that A{u) > ^^-^Tc > 0. 

Our next result concerns the symmetry of those solutions of (jl.3p that minimize Ec in C. 

Proposition 7.1 Assume that N >3 and the conditions (Al), (A2) in the introduction hold. 
Let u £ C be a minimizer of Ec in C. Then, after a translation in the variables (x2, . . . ,X]\f), 
u is axially symmetric with respect to Oxi. 

Proof. Let Tc be as in Lemma 14.71 We know that any minimizer u of Ec in C satisfies 
A{u) = ^^-^Tc > 0. Using Lemma [4.81 (i), it is easy to prove that a function u G A' is a 
minimizer of Ec in C if and only if 

- 1 

(7.1) u minimizes the functional — Pc in the set G A" | A{v) = — - — Tc}. 

The minimization problem (j7.ip is of the type studied in [32j. All we have to do is to verify 
that the assumptions made in [32j are satisfied, then to apply the general theory developed 
there. 

Let n be an affine hyperplane in parallel to Oxi. We denote by su the symmetry of 
with respect to 11 and by 11+, n~ the two half-spaces determined by 11. Given a function 
V £ X, we denote 

, . _ ( v{x) if X G n+ u n, / A _ / ^(^) if X G n- u n, 

''^+^^) - \ y(^sn{x)) ifxGn-, ^"""^ '''''^''''i v{sn{x)) ifxGn+. 

It is easy to see that fji+j'^n- ^ Moreover, for any v £ X we have 

A{vu+) + A{vu~) = 2A{v) and Pc{vu+) + Pc{vu-) = 2Pc{v). 

This implies that assumption (Ale) in [32j is satisfied. 

By Propositions 15.61 and 16.51 and Lemma 15.51 we know that any minimizer of (j7.ip is 
on R^, hence assumption (A2c) in |^32j holds. Then the axial symmetry of solutions of ()7.ip 
follows directly from Theorem 2' in [32]. □ 
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